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Abstract

The proper Class No of all Conway’s numbers [4] is considered as a
region of investigation. It turns out to be a total ordered Field (i.e., a
field whose domain is a proper Class) and this totally, or linear ordered
Class, containing the real numbers R and the ordinal numbers On.

For any subfield F of No, i.e., F is a set nor proper class, considered
with topology induced by a linear ordering on F a completion F̃ is con-
structed; in particular, for ζ = ωω

µ

, 0 ≤ µ < Ω, and for a specially defined
subfield F = Pζ ⊂ No a complete subfield Rζ ⊂ No is defined as P̃ζ .

Fundamental (Cauchy) sequences (xα)0≤α<ζ are considered in a sub-
field F ⊂ Pζ ⊂ No, where ζ is the smallest ordinal number which does
not belong to F , and they are the main instrument in the paper.

A fragment of Mathematical Analysis in Rζ is given and two of its non-
trivial results are presented: every positive number x ∈ Rζ has a unique n-
th root in Rζ , for each positive integer n and every odd-degree polynomial
with coefficients in Rζ has a root in Rζ . Hence so-called fundamental

theorem of algebra: the ring Rζ [i]
def
= Cζ of all numbers of the form x+ iy

(x, y ∈ Rζ), i2 = −1, is an algebraically closed field.
Trigonometry functions sin x, cos x and tan x are defined in Rζ and

a proof of the fundamental theorem of algebra in Cζ is given.
Conway’s problem of a natural definition of a function y = ax for all

numbers x ∈ No and for positive finite numbers a and even for some
infinite numbers a are solved. The corresponding inverse function y =
loga x are also constructed, which turns out to be continuous in topology
of Rζ . In Appendix a problem of Foundation of Set Theory is considered.

1. Necessary knowledge from Conway’s numbers theory

∗Dedicated to the memory of John Horton Conway. 2010 Mathematics Subject Classi-
fication. Primary 03E65, 03C62, 54G99. Keywords and expressions: Conway’s numbers,
ζ-completions.
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For definiteness we shall work through the paper inside a von Neumann-
Bernays-Gödel-type set theory (NBG for short).

We begin with the best description of numbers great and small containing
all real numbers R and all ordinal numbers ON as well as other magnutudes like

ω − 1, ω2 ,
√
ω, 3
√
ω, ... ω

1
ω , ω

√
2, etc., great numbers and 1

ω−1 , 1
ω2 , ω−

√
ω, ω−

1
ω ,

etc., small numbers, which was inductively given by Conway in [4] (1979).
Conway’s construction of numbers was a modification of two well-known

ideas.
One of them was the Mirimanoff’s representation [12] (1917), later in 1923

repeated by von Neumann [13], of the ordinal numbers: 0 = {}, 1 = {{}} = {0},
2 = {{}, {{}}} = {0, {0}}, 3 = {{}, {{}}, {{}, {{}}}} = {0, 1, {0, 1}} = {0, 1, 2},
..., ω = {0, 1, 2, ..., n, ...}, ω + 1 = {0, 1, 2, ..., n, ..., ω}, ... and so on.

Another one was the construction of real numbers R [6] (1888) via Dedekind
sections {A |B} of rational numbers Q, i.e., ξ = {A |B} ∈ R if and only if A
and B are non-empty sets of rationals such that Q = A ∪B, A ∩B = ∅, A has
no greatest number, and for every a ∈ A and b ∈ B one has a < b.

Conway’s definition of a number is the following.
If L and R are any two sets of numbers, and no member of L is ≥ any

member of R, then there is a number {L |R}.
If x = {L |R} is a number, then, for short, x = {xL |xR}, where xL is a

typical member of L and xR is a typical member of R, i.e., L = {xL} and
R = {xR} are sets.

Further,
x ≥ y iff (no xR ≤ y and x ≤ no yL);
x ≤ y iff y ≥ x; as well as
x = y iff (x ≥ y and y ≥ x);
x > y iff (x ≥ y and y 6≥ x);
x < y iff y > x.
Different representations {L′ |R′} and {L |R} can define the same number;

that is why one must distinguish between the form {L |R} of a number and the
number itself. Conway called L the lower class and R the upper class of number
x = { L |R}.

Operations +, · and / on all Conway’s numbers x, y ∈ No are the following:

x+ y = {xL + y, x+ yL |xR + y, x+ yR}, (1)

−x = {−xR | − xL}, (2)

xy = {xLy+xyL−xLyL, xRy+xyR−xRyR |xLy+xyR−xLyR, xRy+xyL−xRyL},
(3)

and when x > 0 the inverse to it, xy = 1, is given by the following formula:

y = {0, 1 + (xR − x)yL

xR
,

1 + (xL − x)yR

xL
| 1 + (xL − x)yL

xL
,

1 + (xR − x)yR

xR
}.
(4)

The formula (4) is an inductive definition of an inverse number y = {yL | yR}
to the number x = {xL |xR}, where naturally x 6= 0 and x is positive number;
when x < 0, then y = −y′, where y′ is the inverse to the number −x.

2



No is a Field. Note also that for x ∈ No its absolute value, denoted by |x|,
is equal to x if x > 0, and is equal to −x if x < 0, and is equal to 0 if x = 0.

Theorem 1. If x ≥ y and y ≥ z, then x ≥ z.
Theorem 2. For any number x one has xL < x < xR for all xL, xR. Also,

for two numbers x and y one must have x ≤ y or x ≥ y.
So, the totally ordered proper Class No of all numbers is the following:
0 = { | } (born on day 0),
1 = {0 | } and −1 = { | 0} (born on day 1),
2 = {0, 1 | }, 1

2 = {0 | 1}, − 1
2 = {−1 | 0}, −2 = { | − 1, 0, } (born on day 2),

...
ω = {0, 1, 2, 3, ... | }, π, e,

√
2, 1 + 1

ω , 1 − 1
ω , 1/3 = {0, 1

4 ,
5
16 , ... |

1
2 ,

3
8 , ...},...

1/ω = {0 | 1, 1
2 ,

1
4 ,

1
8 , ...}, −ω = { | 0,−1,−2,−3, ...} (born on day ω),

ω+1 = {0, 1, 2, 3, ...ω | }, ω−1 = {0, 1, 2, 3, ... |ω},
√

2+ 1
ω ,
√

2− 1
ω , ... −ω−1

(born on day ω + 1),
...
ω2 = {0, 1, 2, 3, ...ω, ω + 1, ... | }, ω

2 = {0, 1, 2, 3, ... |ω, ω − 1, ω − 2, ...}, 2
ω =

{ 1
ω | 1,

1
2 ,

1
4 , ...},

1
2ω = {0 | 1

ω},...
1
ω2 = {0 | 1

ω ,
1

2ω ,
1

4ω , ...}, ...−ω2 = { | 0,−1,−2,=
3, ... = ω,= ω − 1, ...} (born on day ω2), ... and so on.

More precisely, for each ordinal number α ∈ On Conway defined a set Mα

of numbers by setting x = {xL |xR} in Mα if all the xL and xR are in the union
of all the Mβ for β < α. Then he putted Oα =

⋃
β<α

Mβ and Nα = Mα \ Oα.

Then in the terminology of numbers’ birth to which he adhered:
Mα is the set of numbers born on or before α (Made numbers),
Nα is the set of numbers born first on day α (New numbers), and
Oα is the set of numbers born before day α (Old numbers).
Each x ∈ Nα defines a Dedekind section {L|R} of Oα, if one sets L =

{y ∈ Oα : y < x} and R = {y ∈ Oα : y > x}, then x = {L |R}. Moreover,
Mα = Oα ∪Nα as the union of Oα together with all its sections, in the natural
order. Notice also that for each number x ∈Mα there are inequalities inequality
−α ≤ x ≤ α and only two numbers −α and α in Mα have forms { |Oα} and
{Oα | }, respectively, which dropped the Dedekind restriction on sets L and R
to be nonempty.

Every number x is in a unique set Nα (see [4] p. 30). Taking into account
the above decription, we call a birthday form {xL |xR} of x when the birthdays
of all xL, xR are less than α.

Definition 1. Two positive Conway’s numbers x and y are commensurate
if for some positive integer n we have x < ny, y < nx; a number x ∈ No is
small compared to y ∈ No if −y < nx < y for all integer n; a number x ∈ No
is great compared to y ∈ No if y is small compared to x.

To be commensurate with is evidently an equivalence relation whose equiv-
alent Classes are convex, i.e., if x < z < y and x and y are commensurate,
then z is commensurate with both. Thus, there is a unique simplest number in
each commensurate Class, i.e., it is the simplest number among others which
commensurate with x or, what is the same, the birthday of it precedes the birth-
days of others numbers in its equivalent Class, and such numbers Conway called
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leaders. They are powers ωx for some numbers x ∈ No, i.e., ω to the power of
x, and are given formally by the following formula:

ωx = {0, rωx
L

| rωx
R

}, (5)

where x = {xL |xR} and r denotes a variable ranging over all positive real
numbers.

Theorem 3. Each positive number x ∈ No is commensurate with some ωy,
y ∈ No

Conway proved (Theorem 21 in [4], p. 33) that each number x ∈ No defines
a unique expression

x =
∑

0≤β<α

ωyβrβ , (6)

in which α denotes some ordinal, the numbers rβ (0 ≤ β < α) are non-zero reals,
and the numbers yβ form a descending sequence of numbers. Moreover, normal
forms for distinct y are distinct, and every form satisfying these conditions
occurs.

Theorem 4. Every positive number x in No has a unique positive nth root
in No, for each positive integer n.

Theorem 5. Every odd-degree polynomial f(x) = xn + Axn−1 + Bxn−2 +
...+K with coefficients A,B, ...,K in No has a root in No.

Proofs of these theorems see in [4], p. 31-33, 40-41.

2. Definition of a ζ-Archimedean subfield Pζ of No

Let On denote by [0,Ω), where Ω = {No | } is a gap (see below) in No.
Later in this article we will deal with ordinals of the following type: ζ = ωω

µ

,
where 0 ≤ µ < Ω, is ζ is the main ordinal number in the sense of Jacobstahl [9].

Let Pζ be a localization in zero of the ring Rζ of all Conway’s numbers
generated by the set Oζ ⊂ No of all Conway’s numbers born before day ζ. It is
known that Rζ is the intersection of all subrings of No containing Oζ or what is
the same each element of Rζ is a linear combination with integer coefficients in
Z = Zω of finite products of powers of elements in Oζ with natural exponents.

One can see that Rζ is a ring without zero divisors and hence Pζ = S−1Rζ ,
where S = Rζ \ {0}, is actually a field. In fact it is a topological field whose
base B of topology is the set of all intervals (a, b) ⊂ Pζ , −ζ ≤ a < b ≤ ζ.

Definition 2. A subfield F of No is called a ζ-field, if it contains all numbers
of [0, ζ) and does not contain ordinals α′ ∈ [ζ,Ω).

Definition 3. A field F ⊂ No is called ζ-Archimedean if it satisfies the
following ζ-Archimedean property: for each pair of its positive numbers x, y
there exists an ordinal number α ∈ [0, ζ) such that α · x > y.

Proposition 1. For any pair of numbers x, y > 0 in a ζ-field F such that
x < y there exists an ordinal number α ∈ [0, ζ) such that x · α > y and thus,
every ζ-field F is ζ-Archimedian.

Proof. Let x, y be any positive numbers in a ζ-field F such that x < y. By
Definition 2, [0, ζ) is co-final in F and thus, for each number a ∈ F , there exists
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an ordinal γ < ζ such that a < γ. In particular, for numbers 1
x , y ∈ F there are

ordinal numbers γ′ and γ′′ such that γ′ > 1
x and γ′′ > y. Consequently, there

is an ordinal number β such that 1
x < β and y < β. Indeed, β = max{γ′, γ′′}.

Put α = β2. Since 1
β < x we obtain x · α = α · x > α · 1

β = β2 · 1
β = β > y. �

Corollary 1. The field Pζ is a ζ-field and hence satisfies the ζ-Archimedean
property.

Proof. We see that ζ /∈ Oζ , ζ /∈ Pζ and ζ /∈ Pζ . Otherwise, 1
ζ is also in Pζ

ans well as all nubers 1
α −

1
ζ ∈ Pζ with lim

0<α<ζ
( 1
α −

1
ζ ) = 1

ζ . Contradicition with

0 < 1
ζ <

1
α , 0 < α < ζ. Clearly, that ζ is the smalles ordial such that it not in

Pζ . Otherwise, if ζ ′ /∈ Pζ and ζ ′ < ζ, then ζ ′ ∈ Oζ ⊂ Pζ . Contradiction.
Now it is enough to prove that

⋃
0≤α<ζ

{α} is co-final in Pζ .

If y is a positive number in Rζ ⊂ Pζ , then as we have already noticed
y a linear combination with integer coefficients in Z = Zω of finite products
of powers of elements in Oζ with natural exponents. Consequently, each i-
summand of this combination is < than some ordinal number αi < ζ, 1 ≤ i ≤
n, because ζ is the main ordinal number in the sense of Jacobstahl and for
α = max{αi}1≤i≤n we obtain y < α and α ∈ [0, ζ).

At last, let y be a positive number in Pζ \Rζ . Then y = [uz ], where u, z are
positive numbers in Rζ . One can easily see that z ≥ 1. If it is not so, then we
can find an ordinal number α′ < ζ such that z · α′ > 1 because we can prove
it like in the proof of Proposition 1, i.e., for numbers z, 1 ∈ Rζ , and take u·α′

z·α′

which represents the number y = [uz ] because evidently [uz ] = [u·α
′

z·α′ ].
As above, v

z = u+u
z > y

x and hence v · x = x · v = x · ( vz · z) = (x · vz ) · z ≥
(x · vz ) · 1 = x · vz = x · vz > x · yx = y.

Thus, Pζ is a ζ-field and, by Proposition 1, satisfied the ζ-Archimedean
property. �

Corollary 2. If a subfield F of No is a subset of Mζ , where ζ is the
smallest ordinal which is not in F , then F is a ζ-field and hence satisfies the
ζ-Archimedean property.

Proof. It is enough to show that [0, ζ) is co-final in F .
First of all, α < ζ implies α ∈ F because ζ is the smallest ordinal which is

not in F .
Let x be an arbitrary positive number of F . If x is a number born on day

α < ζ, then it is obvious that x ≤ α and thus, x < α + 1 < ζ because ζ is a
limit ordinal.

If x is a number born on day ζ, then there is an ordinal number α ∈ [0, ζ)
such that x < α. Otherwise, there should be the following inequality α ≤ x, or
more precisely, α < x, for all α ∈ Nζ . Note that x is not an ordinal number,
say α0 because [0, ζ) has no maximal element.

Then x = {L |R}, where L ⊂ Oζ and R ⊂ Oζ , and (L,R) is a Dedekind
section on Oζ we conclude that R 6= ∅ (x is not an ordinal) and there is a
number x′ ∈ R such that x′ was born on or before some ordinal α1 < ζ. We
have already noticed that each number x′ born on or before day α1 there is
an inequality x′ ≤ α1. Hence x < x′ ≤ α1 < ζ what is in contradiction with
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inequalities α < x, for all 0 ≤ α < ζ. �

3. Convergence of ζ-infinite sequences and functions defined on
subsets of ζ-fields F of numbers in No

Definition 4. For a fixed subfield F of numbers in No, which is a ζ-field, a
mapping x : (0, ζ)→ F is called a infinite sequence of type ζ of Conway’s num-
bers in F , or ζ-infinite sequence in F , or shortly a ζ-sequence in F . The range
of x is the set {x(1), x(2), ..., x(α), ...}, conveniently written {x1, x2, ..., xα, ...}
or simply x1, x2, ..., xα, ... , where xα = x(α), 0 < α < ζ, or even shorter
(xα)0<α<ζ . The elements of the range are called terms.

Definition 5. We say that ζ-sequence (xα)0<α<ζ in a ζ-field F of numbers
in No converges to a ∈ F , and we write lim

0<α<ζ
xα = a, if for each positive

number ε ∈ F there is an ordinal number α0 ∈ (0, ζ) such that |xα − a| < ε for
all α0 ≤ α < ζ. In this case we also say that ζ-sequence (xα)0<α<ζ is convergent
in F .

Definition 6. A ζ-sequence is almost-stationary, almost-positive and almost-
negative, almost-stationary, strictly increasing and strictly decreasing if for some
a ∈ F there exists an ordinal number 0 ≤ α0 < ζ such that xα = xα0 = a,
xα > 0, xα < 0, xα < xα′ and xα > xα′ for all α0 ≤ α < α′ < ζ, respectively.

Definition 7. A ζ-sequence (xα)0<α<ζ in a ζ-field F is caled a ζ-infinitely
small sequence if lim

0<α<ζ
xα = 0.

Definition 8. A ζ-sequence (xα)0<α<ζ in a ζ-field F is caled a ζ-infinitely
great sequence if for each positive number E ∈ F there is an ordinal number
α0 ∈ (0, ζ) such that |xα| > E for all α0 ≤ α < ζ. If it is almost positive or
almost negative, then we will conditionally denote this by lim

0<α<ζ
xα = +∞ζ and

lim
0<α<ζ

xα = −∞ζ , respectively.

Remark 1. Notice that +∞ζ and −∞ζ , ζ = ωω
µ

, 0 ≤ µ < Ω, are not
numbers but formal boundary symbols, i.e., there is no algebraic operations +
and · on them, but formally we can write and understand inequalities x < +∞ζ ,
x′ > +∞ζ or x > −∞ζ , x < −∞ζ , for some (not all) Conway’s numbers
x, x′ ∈ No. Nevertheless, such symbols are very useful and convenient for briefly
writing verbose definitions like (−∞ζ ,+∞ζ) = Rζ and (−∞ζ ,+∞ζ) ⊂ Rζ′ ,
where ζ < ζ ′ ≤ Ω denotes the set of all numbers x ∈ Rζ′ such that there is
a number r ∈ Rζ such that −r < x < r, in partiular, (−∞ω,+∞ω) ⊂ No is
the set of all finite Conway’s numbers as wll as (−∞Ω,+∞Ω) = No. We will
add two more symbols 1

+∞ζ
and 1

−∞ζ
to denote ( 1

+∞ζ
,+∞ζ) as the set of all

positive numbers in Rζ and (−∞ζ ,
1
−∞ζ

) as the set of all negative numbers in

Rζ as well as (−∞ζ ,
1
−∞ζ

) and (−∞ζ ,
1
−∞ζ

) in Rζ′ , ζ < ζ ′ < Ω like above. Also

by ( 1
−∞ω

, 1
+∞ω

) we denote the class of all infinitesimal numbers in No in the

sense of Conway; and by (−∞Ω,
1
−∞Ω

) and ( 1
+∞Ω

,+∞Ω) we denote the classes
of all negative and positive numbers in No, respectively. See Appendix below.

Proposition 2. lim
0<α<ζ

xα = a ∈ F if and only if (yα)0<α<ζ = (xα −
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a)0<α<ζ is ζ-infinitely small in F . A ζ-sequence is a ζ-infinitely small sequence
(xα)0<α<ζ , xα 6= 0 for all α ≥ α0 for some α0, if and only if ( 1

xα
)α0≤α<ζ is a

ζ-infinitely great seacuence.
Proof is an immediate consequence of Definitions 6 and 7.
Thus we have the following formula for members of ζ-sequence (xα)0<α<ζ ,

which converges to a ∈ F :
xα = a+ yα, (7)

where (yα)0<α<ζ is ζ-infinitely small in F .

4. Fundamental ζ-sequences in ζ-fields F of Conway’s numbers

Definition 9. A ζ-sequence (xα)0≤α<ζ in a ζ-field F is called fundamental
or a Cauchy ζ-sequence if for each positive number ε ∈ F there is an ordinal
number α0 such that |xα − xα′ | < ε, for all α0 ≤ α < α′ < ζ.

Definition 10. Two ζ-fundamental sequences (xα)0<α<ζ and (yα)0<α<ζ

in a ζ-field F are ζ-equivalent, denoted by (xα)0<α<ζ ∼ (yα)0<α<ζ , if for each
positive number ε ∈ F there are ordinal numbers α0 and α′0 such that |xα −
yα′ | < ε, for all α0 ≤ α < ζ and all α′0 ≤ α′ < ζ.

It is clear that the ζ-equivalence is an equivalence relation ∼ on the set of
all fundamental ζ-sequences (xα)0<α<ζ in F . One has to verify only transitivity
what is an easy exerciee. Note also that there can be a case that λ-sequence is
ζ-fundamental for a limit ordinal ω ≤ λ < ζ, but it is always ζ-equivalent to
some ζ-fundamental ζ-sequence (xα)0<α<ζ . That is why we consider here only
ζ-sequences.

Lemma 1. If ζ-sequences (xα)0<α<ζ and (yα)0<α<ζ are ζ-fundamental
in F , then their sum (xα + yα)0<α<ζ and product (xα · yα)0<α<ζ are also ζ-
fundamental in F . If in addition there is a positive number r ∈ F such that
|yα| > r, for almost all α, then the quotient (xαyα )α0≤α<ζ is also ζ-fundamental
in F for some ordinal α0.

Proposition 3. Each convergent ζ-sequence in a ζ-field F ⊂ No is ζ-
fundamental; converse is not true in general.

Proofs are also an easy exercise. But an example of ζ-fundamental sequence,
ζ = ωω

µ

, 0 < µ < Ω, which does not converge, is not trivial but we omit this
construction here how not essential.

5. ζ-completions F̃ of ζ-fields F of Conway’s numbers

In spite of fact that there can be a fundamental ζ-sequence (xα)0<α<ζ in a ζ-
field F which is not convergent in F , it defines a Conway’s number a = {L |R},
born on day ζ, with definite L and R such that lim

0<α<ζ
xα = a.

Definition 11. Let F be a subfield of No and {F | } = ζ = ωω
µ

, 0 ≤ µ < Ω.
By F̃ we define the set {[(xα)0<α<ζ ]} of all classes [(xα)0<α<ζ ] of equivalent
fundamental ζ-transfinite sequences (xα)0<α<ζ in F and call it the ζ-completion
of F .

We define the following operations on F̃ .
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Definition 12. For any two elements [(xα)0<α<ζ ] and [(yα)0<α<ζ ] in F̃ we
put [(xα)0<α<ζ ]+[(yα)0<α<ζ ] = [(xα+yα)0<α<ζ ] and [(xα)0<α<ζ ]·[(yα)0<α<ζ ] =
[(xα · yα)0<α<ζ ]; if in addition |yα| > r > 0, for some ordinal α0, then we put
[(xα)α0<α<ζ

]

[(yα)α0<α<ζ
] = [(xαyα )α0<α<ζ ] for some ordinal α0.

Proof. One can easily verify the independence of the definition of addition,
multiplication and division operations on ζ-equivalent classes from a selection
of representatives of the class of equivalent fundamental sequences. It is also
clear that F̃ is a field. Moreover, it is a totally ordered field, [(xα)0<α<ζ ] ≤
[(yα)0<α<ζ ] if and only if there exists an ordinal α0 such that xα ≤ yα for every
α0 ≤ α < ζ and hence it is a subfield of No because we define natural operations
on numbers in F̃ which actually coincide with operations in No but not in a bit
simple way.

Now we have to identify each class [(xα)0<α<ζ ] of F̃ with the unique Con-
way’s number and show that the operations on them are the same as in No.

Choose any fixed element (xα)0<α<ζ of the class [(xα)0<α<ζ ]. Notice also
that xα ∈ F , for all 0 < α < ζ. Since (xα)0<α<ζ is fundamental then for each
positive number ε ∈ F there is an ordinal α0 such that

xα′ − ε < xα < xα′ + ε (8)

for α0 ≤ α < α′ < ζ.
Let L′ be the subset of F of all l′ ∈ F such that there exists an α0 and

inequalities l′ < xα for all α0 ≤ α < ζ and put R′ = F \ L′.
Evidently L′ 6= ∅ because xα′ − ε ∈ L′ and on the other hand xα′ + ε /∈ L′

and thus, by construction, xα′ + ε ∈ R′ and hence R′ 6= ∅, too.
Notice that for each numbers l′ ∈ L′ and r′ ∈ R′ we have inequality l′ < r′;

otherwise, l′ ≥ r′, for all α0 < α < ζ we obtain xα > l ≥ r′ and r′ /∈ R′.
Contradiction.

Now we can define a Conway’s number a = {L |R} of No such that a =
[(xα)0<α<ζ ]. If L′ has an extremal element (supremum) a or R′ has an extremal
(infimum), which in this case is the same element a of F , then we identify
this Conway’s number a = {L | R} with the class [(xα)0<α<ζ ] ∈ F̃ , where
L = L′ \ {a} and R = R′ in the first case and L = L′ and R = R′ \ {a} in
the second case. Notice that these cases depend on the choice of (xα)0<α<ζ in
[(xα)0<α<ζ ]. Indeed, if the supremum a in L′ will be when a chosen (xα)0<α<ζ

is almost in R′ and the minimum a in R′ when a chosen (xα)0<α<ζ is almost
in L′. Moreover, in these cases lim

0<α<ζ
(xα) = a. In such a case a can be call a

ζ-rational number of F̃ , by analogous with rational real numbers.
Another possible case when neither L′ nor R′ have extremal element. Then

we obtain a Conway’s number a = {L | R}, where L = L′ and R = R′ and
identify this Conway’s number a with the class [(xα)0<α<ζ ] ∈ F̃ . Moreover, in

this case also lim
0<α<ζ

(xα) = a and we also call a a ζ-irrational numbers of F̃ , call

by analogous with irrational real numbers.
By definitions and constructions we see that a Conway’s number a does not

depend on the choice of element (xα)0<α<ζ of the class [(xα)0<α<ζ ]. Thus a ∈ F̃
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is unique for the class [(xα)0<α<ζ ].
Moreover, we have the following inequalities:

xα′ − ε ≤ a ≤ xα′ + ε. (9)

If we consider another fundamental sequence (yα)0<α<ζ and its class [(yα)0<α<ζ ] ∈
F̃ , then we know that (xα)0<α<ζ + (yα)0<α<ζ = (xα + yα)0<α<ζ and thus

[(xα)0<α<ζ ] + [(yα)0<α<ζ ] = [(xα) + yα)0<α<ζ ] ∈ F̃ . We have already identified

[(xα)0<α<ζ ] and [(yα)0<α<ζ ] in F̃ with Conway’s numbers a and b, respectively.

Thus, we know that a+b ∈ F̃ as sum of two classes of ζ-fundamental sequences.
We also know that a · b ∈ F̃ and a

b ∈ F̃ , b 6= 0 But Conway’s definition of sum
and product of two numbers a and b is different. Thus, we need the following
Proposition to show that these operations coinsied with ours.

Proposition 4. Suppose we identified F̃ as a subset if No. Then for each
a, b ∈ F̃ sum a + b ∈ F̃ and product a · b ∈ F̃ in the sense of ζ-sequences are
the same number a+ b ∈ No and a · b ∈ No in the sense of Conway’s sum and
product of numbers a and b in No.

Proof. Suppose first, that we defined as above lim
0<α<ζ

xα) = a, lim
0<α<ζ

(yα) =

b and a + b = lim
0<α<ζ

(xα) + lim
0<α<ζ

(yα) = lim
0<α<ζ

(xα + yα). Conway’s sum, by

Definition, is a+ b = {xL + y, x+ yL |xR + y, x+ yR}, where a = {xL |xR} and
b = {yL | yR}. Thus, we have to show that a + b in the sense of ζ-sequences is
the same number a + b in the sense of Conway’s sum of numbers a and b. For
this purpose we define the Conway’s number a+ b, defined as above by classes
[(xα)0<α<ζ ] + [(yα)0<α<ζ ] = [(xα + yα)0<α<ζ ]. Choose a representive element
(xα + yα)0<α<ζ of it and define a Conway’s number, generated by it as above.
That is we consider the following set L′ = {l′ ∈ F | ∃α0 & l′ < xα∀α |α0 ≤ α <
ζ} and R′ = F \ L′.

There can be two cases: first L′ has maximum or R′ has minimum and
neither L′ nor R′ have exitemal element. In the first case maximum of L′ is
a+b or minimum of R′ is a+b and the Conway’s number a+b = {L |R}, where
L = L′ \{a+b} and R = R′ or L = L′ and R = R′ \{a+b}, respectively, second
when L′ and R′ have no extremal elements. Then a+ b = {L′ |R′}. Notice that
in this case for a = {L |R} and b = {L |R} their above auxiliary sets L′ and R′

also have no extremal elements or if for a its set L′ has maximum, then for b
its auxiliary set R′ has minimum or vice versa if for a its auxiliary set R′ has
minimum, then for b its auxiliary set L′ has maximum.

In all these cases the sum a+ b and product a · b in the sense of ζ-sequences
is the Conway’s sum a+b = {xL+y, yL+x |xR+y, yR+x} and product {a ·b =
{xLy+xyL−xLyL, xRy+xyR−xRyR |xLy+xyR−xLyR, xRy+xyL−xRyL}
because, evidently, for all numbers xL+y, yL+x there are inequalities xL+y <
a+b and yL < a+b as well as for all xR+y, yR+x there are inequalities a+b <
xR+y and a+b < yR+x; also for all numbers xLy+xyL−xLyL, xRy+xyR−xRyR
there are inequalities xLy + xyL − xLyL < a · b, xRy + xyR − xRyR < a · b
and all numbers xLy + xyR − xLyR, xRy + xyL − xRyL there are inequalities
xLy+xyR−xLyR < a · b and xRy+xyL−xRyL < a · b. The latters follow from
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the evident inequalities:
a − xL > 0 and b − yL > 0, hence (a − xL)(b − yL) > 0 and thus a · b >

xLb+ ayL − xLyL;
xR − a > 0 and yR − b > 0, hence (xR − a)(yR − b) > 0 and thus a · b >

xRb+ ayR − xRyR;
a − xL > 0 and b − yR < 0, hence (a − xL)(b − yR) < 0 and thus a · b <

xLb+ ayR − xLyR;
xR − a > 0 and b − yL > 0, hence (xR − a)(b − yL) > 0 and thus a · b <

xRb+ ayL − xRyL. �
Theorem 6. A ζ-sequence (xα)0<α<ζ in F̃ converges in F̃ if and only if it

is ζ-fundamental.
Proof of necessity. Let ζ-sequence (xα)0<α<ζ in F̃ be convergent in F̃

and thus lim
0<α<ζ

xα = a ∈ F̃ . Let ε be a positive number in F̃ . For number ε
2

we find an ordinal α0 such that for each α0 < α < ζ there is inequality:

|xα − a| <
ε

2

Then for all α0 < α < ζ and α0 < α′ < ζ we have

|xα − a| <
ε

2
and |xα′ − a| <

ε

2

and obtain for all α0 < α < ζ and α0 < α′ < ζ the following inequality:

|xα − xα′ | = |(xα − a) + (a− xα′)| ≤ |xα − a|+ |a− xα′ | <
ε

2
+
ε

2
= ε.

Proof of sufficiency. Let ζ-sequence (xα)0<α<ζ in F̃ be a ζ-fundamental

sequence. We shall prove that there is a number a ∈ F̃ such that lim
0<α<ζ

xα = a.

Let us suppose that (xα)0<α<ζ is not almost stationary ζ-sequence in F̃ ,
otherwise, (xα)0<α<ζ would be converging to this constant and the poof would

be done. Then for each positive number ε ∈ F̃ there is an ordinal α0 such that

xα′ − ε < xα < xα′ + ε (10)

for α0 ≤ α < α′ < ζ.
Let Ã be the subset of F̃ of all a ∈ F̃ such that there exists an α0 and

inequalities a < xα for all α0 ≤ α < ζ and put Ã′ = F̃ \ Ã.
Evidently Ã 6= ∅ because xα′ − ε ∈ Ã and on the other hand xα′ + ε /∈ Ã

and thus, by construction, xα′ + ε ∈ Ã′ and hence Ã′ 6= ∅ as well.
Notice that for each numbers a ∈ Ã and a′ ∈ Ã′ we have inequality a < a′;

otherwise, a ≥ a′, for all α0 < α < ζ we obtain xα > a ≥ a′ but a′ /∈ Ã.
So we have a Dedekind section {Ã | Ã′} of F̃ .
Put now A = Ã∩F and A′ = Ã′∩F . We consider a case when A and A′ have

no extremal elements in F , otherwise, this extremal element would be the limit
of (xα)0<α<ζ . Thus we conclude that X is co-final in X̃ and Y is co-initial in Ỹ .
Now we define a fundamental ζ-transfinite sequence (yα)0<α<ζ in F “co-final“ in
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(xα)0<α<ζ in the following sense: for each 0 < α < ζ if xα ∈ Ỹ , then yα ∈ Y and
xα′ < yα < xα, where α′ is the smallest index such that α′ > α and xα′ < xα,
and if xα ∈ X̃, yα ∈ X and xα′ > yα > xα, where α′ is the smallest index such
that α′ > α and xα′ > xα. This is possible, firstly, because either (xα)0<α<ζ is

co-final in X̃, or co-initial in Ỹ , or has the corresponding ζ-subsequences in both;
secondly, each xα in F̃ is a Dedekind section of F ; thirdly, because (xα)0<α<ζ

is fundamental and hence such constructed ζ-transfinite sequence (yα)0<α<ζ is

also fundamental. By Proposition 4, lim
0<α<ζ

yα = x ∈ F̃ . Since (xα)0<α<ζ is also

“co-final“ for (yα)0<α<ζ in the above sense we conclude that lim
0<α<ζ

xα = a.�

6. Continuous functions in Rζ, ζ = ωω
µ

, 0 < µ < Ω

The above theory of ζ-fundamental ζ-sequences and their limits in P̃ζ = Rζ ,
ζ = ωω

µ

, 0 < µ < Ω, allows us to build Mathematical Analysis of continuous
functions f(x) defined on X ⊆ Rζ which implies many (not all) classical results
of Calculus when µ = 0. Let’s briefly outline a sketch of such a theory.

Definition 13. A point x0 ∈ X ⊆ Rζ is a ζ-limit point of X if there is a
ζ-sequence (xα)0<α<ζ in X such that lim

0<α<ζ
xα = x0.

Definition 14. A function y = f(x) with domain X ⊆ Rζ is called ζ-
continuous at ζ-limit point x0 ∈ X if there for each ζ-sequence (xα)0<α<ζ

in X such that lim
0<α<ζ

xα = x0 one has lim
0<α<ζ

f(xα) = f(x0). We denote it by

lim
x→x0

f(x) = 0. If every point in X is a ζ-limit point and y = f(x) is ζ-continuous

at x, then we say that y = f(x) is a ζ-continuous function in X.
First of all, it is clear that the sum f(x) + g(x), product f(x)g(x) and

quotient f(x)
g(x) of two ζ-continuous functions f(x) and g(x) on X ⊆ Rζ are also

ζ-continuous; in the latter case we assume that g(x) 6= 0, for each x ∈ X. Next
the composition g(y) = g(f(x)) of two ζ-continuous functions y = f(x) and
z = g(y) on X ⊆ Rζ and on Y = f(X) ⊆ Rζ , respectively, is also ζ-continuous
on X.

One can also define the derivative, the central notion of differential calculus
and then investigate functions for monotony, extremes, convexity, concavity
and inflaction, asymptotic behavior, etc. The most surprising thing is that
dimRζ = 0, where ζ = ωω

µ

for µ > 0 and 1 for µ = 0. We omit this easy part.

7. On an nth root of a positive number in Rζ

Theorem 7. Every positive number x ∈ Rζ , ζ = ωω
µ

, 0 < µ < Ω has a
unique positive nth root y ∈ Rζ , i.e., yn = x, for each integer 1 < n < ω.

We shall show that Theorem 4 implies Theorem 7. Indeed, Theorem 4,
proved by Conway, says that every positive number x ∈ No has a unique positive
nth root y ∈ No, i.e., yn = x, for each integer 1 < n < ω. It is enough to show
that if x ∈ Rζ , then y is also in Rζ .

For this purpose we shall describe the Class No \ Rζ . It is clear that if the
birthday of x ∈ No is α < ζ, then x ∈ Rζ , and if the birthday of x ∈ No is
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α > ζ, then x /∈ Rζ . The hard case is when if the birthday of x ∈ No is equal
to ζ. In this very case some of numbers are in Rζ and some are not in Rζ . The
following lemmas describe the state of affairs.

Lemma 2. Let Rζ be a ζ-field with ζ = ωω
µ

, 0 ≤ µ < Ω. Then the set
No \ Rζ is a union of the following intervals of numbers in No:

1) {y ∈ No | y > x ∀x ∈ Rζ} and {y ∈ No | y < x ∀x ∈ Rζ};
2) for every strictly increasing λ-sequence (xα)0<α<λ in Rζ (λ is a limit

ordinal ω ≤ λ ≤ ζ) and the set X+ = {x ∈ Rζ |x > xα ∀α ∈ (0, λ)} this interval
is defined by the following inequalities: xα < y, for all α ∈ (0, λ), and y < x,
for all x ∈ X+;

3) for every strictly decreasing λ-sequence (xα)0<α<λ in Rζ (λ is a limit
ordinal ω ≤ λ ≤ ζ) and the set X− = {x ∈ Rζ |x < xα, ∀α ∈ (0, λ)} this
interval is defined by the following inequalities: x < y, for all x ∈ X− and
y < xα, for all α ∈ (0, λ).

Moreover, in the first case when |y| > α for all 0 ≤ α < ζ, then y ∈ No\Rζ .
In the second and third cases when a strictly increasing or strictly decreasing
λ-sequence (xα)0<α<λ is convergent in Rζ , say to x̂ ∈ Rζ , then every number
y = x̂ ∓ δ, where 0 < δ < 1

α for all 0 < α < ζ, is an element of No \ Rζ .
And when a strictly increasing or strictly decreasing λ-sequence (xα)0<α<λ is
not convergent in Rζ , then y ∈ No \ Rζ if in the normal form y =

∑
β<γ

ωyβrβ

there is a β-term ωyβrβ such that ωyβ /∈ Rζ .
Proof. The first case {y ∈ No | y > x ∀x ∈ Rζ} and {y ∈ No | y < x∀x ∈

Rζ} is evident. Indeed, these sets are evidently subsets of No and no element y
of it is an element of Rζ . Moreover each of them is convex, i.e., if y1 < y2 < y3

and y1 and y3 are elements of one of them, then y2 is also an element of this set
and thus they are intervals of elements in No.

The second and third cases when a convergent strictly increasing or strictly
decreasing λ-sequences (xα)0<α<λ is convergent to x̂ ∈ Rζ is also evident be-
cause |x̂− y| = |x̂− xα + xα − y| < |x̂− xα|+ |xα − y| < 2

α . for all 0 < α < λ.
Put δ = x̂−y or δ = y− x̂, respectively, and thus x̂−δ or y = x̂+δ, respectively,
with 0 < δ < 1

α′ for all 0 < α′ < λ, where α = 2α′.
The second and third cases when a strictly increasing or strictly decreasing

λ-sequences (xα)0<α<λ is not convergent in Rζ is also evident because because
otherwise, y =

∑
β<γ

ωyβrβ with all β-terms ωyβrβ , 0 < β < γ, such that ωyβ ∈

Rζ , should be in Rζ . �
Lemma 3. For each number x ∈ No such that x 6= 0 and all positive real

numbers r ∈ R ⊂ No there are the following inequalities:

ωx < r, if x < 0, and ωx > r, if x > 0. (11)

Proof. First of all, we shall prove that for any ordinal 0 < α < Ω there is an
inequality r < ω

1
α for each real number r > 0. Consider the number a = {0 | 1

α}.
By formula (5), ωa = {0, r · ωaL | r · ωaR} = {0, r · ω0 | r · ω 1

α } = {0, r | r · ω 1
α },

where r denotes a variable ranging over all positive reals. Thus, r is a typical
member of a left option of ωa and r ·ω 1

α is a typical member of a right option of
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ωa. In particular, for each member r of a left option of ωa and for the member
ω

1
α of a right option of ωa when r = 1, by Theorem 2, we obtain r < ωa < ω

1
α

what implies an inequality r < ω
1
α .

Let x be an arbitrary positive number in No.
If 1 ≤ x, then trivially ωx ≥ ω1 = ω and ω > r for each positive real number

r.
If x < 1, then there exists an ordinal 1 < α < Ω such that 1

α < x. Indeed,
put α′ = {ordinals β < 1

x | } and α = α′ + 1. Clearly, α > 1
x and 1

α < x. Then

ω
1
α < ωx and with above result r < ω

1
α for each positive real number r we

obtain an inequality r < ωx for each positive real number r.
Let x be an arbitrary negative number in No. Then −x is a positive number

in No. We have already proved that there is an inequality r < ω−x for each
positive real number r. Thus ωx < 1

r for each positive real number r. �
Lemma 4. Let gm(x) = b0x

m + b1x
m−1 + ... + bm−1x + bm, 0 < m < ω,

be an arbitrary polynomial with coefficients b0, b1, ..., bm in Rζ , b0 6= 0 and x̄ be
any fixed number in No. If |x̄| > α for all 0 < α < ζ, then there is an inequality

|g(x̄)| > α, (12)

for all 0 < α < ζ.
Proof. We shall prove it by induction. For m = 1 one has g1(x) = b0x+ b1,

b0 6= 0, and b0, b1 ∈ Rζ , suppose the contrary, i.e., |x̄| > α for all 0 < α < ζ
and |g1(x̄)| ≤ α0 for some 0 < α0 < ζ. Then |b0x̄ + b1| ≤ α0 and hence
−α0−b1 ≤ b0x̄ ≤ α0−b1. If b0 < 0 it implies −α0−b1

b0
≥ x̄ ≥ α0−b1

b0
and if b0 > 0

it implies −α0−b1
b0

≤ x̄ ≤ α0−b1
b0

. Since α0, b0, b1 ∈ Rζ then −α0−b1
b0

and α0−b1
b0

are elements of Rζ .
Consider now any ordinal α1 ∈ Rζ such that α1 > max{|−α0−b1

b0
|, |α0−b1

b0
|}.

Then, by both cases of above inequalities we obtain |x̄| < α1 what contradicts
with supposition that |x̄| > α for all 0 < α < ζ.

Suppose now that for each 1 ≤ n ≤ m− 1 there are inequalities |gn(x̄)| > α
for all 0 < α < ζ, and prove that for n = m there is the same inequality.
Indeed, suppose the contrary, i.e., |x̄| > α for all 0 < α < ζ and |gm(x̄)| =
|b0x̄m + b1x̄

m−1 + ...+ bm−1x̄+ bm| ≤ α0 for some 0 < α0 < ζ, what is the same
that |x̄ · gm−1(x̄) + bm| ≤ α0, where gm−1(x) = b0x

m−1 + b1x
m−2 + ...+ bm−1.

Hence −α0 − bm ≤ x̄ · gm−1(x̄) ≤ α0 − bm. Since −α0 − bm, α0 − bm ∈ Rζ
we consider any ordinal α1 ∈ Rζ such that α1 > max{| − α0 − bm|, |α0 − bm|}.
Then |x̄ · gm−1(x̄)| < α1 what contradicts with supposition that |x̄| > α for
all 0 < α < ζ and inductive supposition |gm−1(x̄)| > α for all 0 < α < ζ, in
particular, for α = 1, because multiplication of latter inequalities |x̄| > α and
gm−1(x̄) > 1 imply |x̄ · gm−1(x̄)| > α · 1 = α for all 0 < α < ζ.

Lemma 5. Let x be a number in Rζ , ζ = ωω
µ

, 0 ≤ µ < Ω, such that α,
0 ≤ α ≤ ωµ is the birthday of x. Then ωx ∈ Rζ . In particular, when ζ is an
ε-number, then for each number x ∈ Rζ one has ωx ∈ Rζ .

Proof. It is easy to see that if α is the birthday of x ∈ On, then ωα is the
birthday of y = ωx ∈ On (see [4], p. 8-14, 31).
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By supposition of Lemma 2, x ∈ Rζ and its birthday is 0 ≤ α < ωµ,
0 ≤ µ < Ω. Then ωx ∈ No was born on day ωα. Consequently, ωα < ωω

µ

= ζ
and thus ωx ∈ Rζ .

Note that, in general, for some x ∈ Rζ , ζ = ωω
µ

, 0 ≤ µ < Ω, ωx /∈ Rζ .
Simple examples: when µ = 0 then only for one number x = 0 ∈ Rω one has
ωx ∈ Rω. For all other numbers it is wrong. For µ = 1, x ∈ Rωω whose birthday
is 0 < α < ω, we have ωx ∈ Rωω but for x = ω2 (say) ωω

2

/∈ Rωω .
Nevertheless, if ζ is an ε-number, i.e., ωζ = ζ, then for each x ∈ Rζ one has

ωx ∈ Rζ . Indeed, ζ = ωζ = ωω
ζ

and hence µ = ζ. Thus, the proof was above.
In particular, each initial ordinal number ωα, 0 < α < Ω, is an ε-number and
thus for every x ∈ Rωα one has ωx ∈ Rωα . �

Lemma 6. Let gm(x) = b0x
m + b1x

m−1 + ... + bm−1x, 0 < m < ω, be an
arbitrary polynomial with coefficients b0, b1, ..., bm−1 in Rζ , b0 6= 0 and x̄ be any
fixed number in No. If |x̄| < 1

α for all 0 < α < ζ, then there is an inequality

|g(x̄)| < 1

α
(13)

for all 0 < α < ζ.
Proof. It is clear that |bnx̄n| < 1

α for all 0 < α < ζ, 0 ≤ n < m. Otherwise
if |bnx̄n| ≥ 1

α0
for some 0 ≤ n < m such that bn 6= 0, and 0 < α0 < ζ, then

|x̄n| ≥ 1
α0|bn| . Take any ordinal α1 such that 1

αn1
< 1

α0|bn| ≤ |x̄
n| and hence

1
α1

< |x̄|, what is in contradiction with supposition of Lemma 3.
Consider now the following inequality

|b0xm+b1x
m−1+...+bm−1x| ≤ |b0xm|+|b1xm−1|+...+|bm−1x| ≤ m· max

0≤n<m
|bnxm−n|,

(14)
which implies the following inequality

|b0xm + b1x
m−1 + ...+ bm−1x| <

1

α
(15)

for all 0 < α < ζ because m · |bnx̄n| = |m · bnx̄n| < 1
α for all 0 < α < ζ, where

|bnx̄n| = max
0≤n<m

{|b0xm|, |b1xm−1|, ..., |bm−1x|}.

Theorem 8. Let Rζ be a ζ-field with ζ = ωω
µ

, 0 ≤ µ < Ω. Then every
number x̄ ∈ No \ Rζ is transcendental over Rζ . e. i., for every P (x) = a0x

n +
a1x

n−1 + ...+ an−1x+ an with ai ∈ Rζ , 0 ≤ i ≤ n, 0 < n < ω, a0 6= 0, one has
P (x̄) 6= 0.

Proof. Since x̄ ∈ No \ Rζ then, by Lemma 2, there are three possible
situations.

1) x̄ ∈ {y ∈ No | y > x ∀x ∈ Rζ} or x̄ ∈ {y ∈ No | y < x ∀x ∈ Rζ}. Then
|x̄| > α for all 0 < α < ζ and, by Lemma 5, |Pn(x̄)| > α for all 0 < α < ζ. Thus
Pn(x̄) 6= 0.

2) aα < x̄ < a, for all α ∈ (0, λ) and all a ∈ X+, where (aα)0<α<λ is a
strictly increasing λ-sequence in Rζ (λ is a limit ordinal ω ≤ λ ≤ ζ) and the set
X+ = {a ∈ Rζ | a > aα ∀α ∈ (0, λ)}.
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There can be two differend cases:
a) (xα)0<α<λ is ζ-fundamental and
b) (xα)0<α<λ is not ζ-fundamental.
In the first case there are the following inequalities: aλ′ < x̄ < lim

0<λ′<λ
aλ′

for all 0 < λ′ < λ. Denote lim
0<λ′<λ

aλ′ = â. Notice that â ∈ Rζ and â − x̄ < 1
α

for all 0 < α < ζ. Then x̄ = â − ε and 0 < ε < 1
α for all 0 < α < λ. We

shall prove that Pn(x̄) 6= 0. Indeed, Pn(x̄) = x̄n + a1x̄
n−1 + ...+ an−1x̄+ an =

(x̂ − ε)n + a1(x̂ − ε)n−1 + ... + an−1(x̂ − ε) + an = x̂n + C1
nx̂

n−1(−ε) + ... +
Cn−1
n x̂(−ε)n−1 + (−ε)n + a1x̂

n−1 + a1C
1
n−1x̂

n−2(−ε) + ...+ a1C
n−2
n−1 x̂(−ε)n−2 +

a1(−ε)n−1 + ...+ an−1x̂+ an−1(−ε) = A0ε
n +A1ε

n−1 + ..+An−1ε+ x̂n + an,
where Ai ∈ Rζ , 0 ≤ i ≤ n. Then to prove P (x̄) 6= 0 is the same as to prove that

εn + A1

A0
εn−1 + ..+ An−1

A0
ε+ x̂n+an

A0
6= 0. Note that A0 = ±1 and depends on n,

i.e., if n = 2k, then A0 = 1 and if n = 2k + 1, then A0 = −1.
On one hand, |εn + A1

A0
εn−1 + ..+ An−1

A0
ε| ≤ |εn|+ |A1

A0
εn−1|+ ..+ |An−1

A0
ε| ≤

n ·max0<i<n |AiA0
εn−i| < 1

α for all 0 < α < ζ.

On the other hand, since ε /∈ Rζ then ε 6= −A1

A0
and thus ε + A1

A0
6= 0.

Moreover, as above 0 < |ε2 + A1

A0
ε| < 1

α for all 0 < α < ζ and analogously

ε2 + A1

A0
ε+ A2

A0
6= 0 and 0 < |ε3 + A1

A0
ε2 + A2

A0
ε| < 1

α for all 0 < α < ζ and so on

up to 0 < |εn + A1

A0
εn−1 + A2

A0
+ ...+ An−1

A0
ε+ An

A0
| < 1

α for all 0 < α < ζ. Thus,

εn + A1

A0
εn−1 + A2

A0
+ ...+ An−1

A0
ε+ An

A0
6= 0, where An = x̂n+an

A0
.

A case when a < x̄ < aλ′ , for all λ′ ∈ (0, λ) and all a ∈ X−, where (aα)0<λ′<λ

is a strictly decreasing λ-sequence in Rζ (λ is a limit ordinal ω ≤ λ ≤ ζ) and
the set X− = {a ∈ Rζ | a < aα ∀α ∈ (0, λ)}, is absolutely analogous.

Consider now a case when a strictly increasing λ-sequence (xλ′)0<λ′<λ in Rζ
(λ is a limit ordinal ω ≤ λ ≤ ζ) is not ζ-fundamental.

Let now x̄ be a number such that xλ′ < x̄ < a for all 0 < λ′ < λ and
all a ∈ X+. We shall prove that Pn(x̄) 6= 0. Without loss of generality we
can suppose that Pn(x) = xn + a1x

n−1 + ... + an−1x + an and prove that
Pn(x̄n) = x̄n + a1x̄

n−1 + ...+ an−1x̄+ an 6= 0.
Consider now the smaller index 0 ≤ β0 < γ of a term ωyβ0 ·rβ0

in the normal
form

∑
β<γ

ωyβ ·rβ of x̄ such that ωyβ0 /∈ Rζ , i. e., x̄ =
∑

0≤β<β0

ωyβ ·rβ+
∑

β0≤β<γ
ωyβ ·

rβ and hence x̄ = A+ ωyβ0 · rβ0 + x̄1, where there are the following inequalities
−x̄+A < x̄1 < x̄−A.

Clearly, such item ωyβ0 ·rβ0
exists because otherwise x̄ should be an element

of Rζ .
The idea to prove it is the following. We also consider the first terms ωz

k
0 ·qk0 ,

1 ≤ k ≤ n, in the normal forms of all items a1x
n−1,...,an−1x, an of Pn(x̄) and

show that its sum cannot delete ωyβ0 · rβ0
.

Indeed, first of all notice that for all ωyβ0 , ω2·yβ0 , ..., ωn·yβ0 there are the
following inequalities: xλ′ − A < ωk·yβ0 < a − A for all 0 < λ′ < λ and all
a ∈ X+, because yβ0

6= − b
k for all 1 < k < ω and all b ∈ Rζ such that b < ωµ.

Otherwise, ωk·yβ0 ∈ Rζ .
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Now Pn(x̄) = Pn(
∑

0≤β<β0

ωyβ · rβ +
∑

β0≤β<γ
ωyβ · rβ) = Pn(B+ωk·yβ0 + x̄1) =

C+ωn·yβ0 +b1ω
(n−1)·yβ0 +...+bn−1ω

yβ0 +bn+ smaller, where B =
∑

0≤β<β0

ωyβ ·rβ ,

C = Bn+a1B
n−1 + ...+an−1B+an ∈ Rζ and b1, ..., bn are adduced coefficients

which are evidently in Rζ .
Since all ωz

k
0 ·ωm·yβ0 = ωz

k
0 +m·yβ0 6= ωt·yβ0 for all 0 < k,m, t < ω we conclude

that Pn(x̄) 6= 0. �
Lemma 7. Let x be a number x ∈ No whose birthday is γ. Then the

birthday of number ωx is ωγ .
Proof. We shall prove first that Lemma 4 is true when x is an ordinal

number. Clear that if x = 0, then ω0 = 1 and thus it is the simplest case of
Lemma 4 because the birthday of 0 is 0 and the birthday of 1 is 1.

Since the birthday of every ordinal α is α because α = {ordinals β < α | }
and, by definition of power of ordinal numbers γα (γ0 = 1; γα+1 = γα · γ;
γα = lim

0≤α′<α
γα
′
, where α is a limit ordinal and lim

0≤α′<α
γα
′

is the smallest

ordinal which is greater than γα
′
, for all 0 ≤ α′ < α), ωα is also an ordinal

number and thus its birthday is ωα. Notice also that the set {ωα′}0≤α′<α is
co-final in the set {β}0≤β<ωα . Indeed, since ωα is the smallest ordinal which is

greater than ωα
′
, for all 0 ≤ α′ < α), then for any β < ωα there is α′ < α such

that β < ωα
′
.

We repeat it for the definition of power operation ωx, x ∈ No and x ≥ 0,
given by Conway. Indeed, ωα = {0, rωβ | } where r denotes a variable ranging
over all positive real numbers. In particular, ωα = {0, nωβ | } where n denotes
a variable ranging over all natural numbers. We have to show that the set
{nωβ}0≤n<ω is co-final in the set { ordinals β′ < ωα} and thus ωα is an
ordinal whose birthday is ωα.

If α = α′ + 1 for some ordinal α0 ≤ α′ < α, then the birthday of ωα is ωα,
because {ωα′ , 2ωα′ , ..., nωα′ , ... | } = ωα.

If α is a limit ordinal, then the birthday of ωα is also ωα, because, by
definition of power ωα of ordinal numbers, ωα = lim

0≤α′<α
ωα
′
, where the latter

is the smallest ordinal number which is greater rthan ωα
′
, 0 ≤ α′ < α. But all

ordinals ωα
′
, 0 ≤ α′ < α are in the Left option of ωα = {0, rωα′ | } and co-final

in the set {rωα′}0≤α′<α. Thus, the birthday of ωα is exactly ωα.
Let {xL |xR} be a birthday form of x, i.e., all xL, xR ∈ Oγ and ({xL}, {xR})

is a Dedekind section of Oγ . It exists because the birthday of x is a day γ. By

formula (5), ωγ = {0, rωxL | rωxR} where r denotes a variable ranging over all
positive real numbers.

It is clear that there exists an ordinal number α0 such that for every ordinal
α0 ≤ α < γ we have α ∈ Oγ and α is in a Right option of x. Hence for every
positive real number r the number rωα is in a Right option of ωx. In particular,
nωα is in a Right option of ωx for every positive natural number n. Thus, if
γ = α′+ 1 for some ordinal α0 ≤ α′ < γ, then the birthday of ωx is ωγ , because
{ωα′ , 2ωα′ , ..., nωα′ , ... | } = ωγ .
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If γ is a limit ordinal, then the birthday of ωx is also ωγ , because for all
ordinals ωα, α0 ≤ α < γ, we have {ωα0 , ωα0+1, ..., ωα, ... | } = ωγ , i.e., the
birthday of each such number ωα from Right option of ωx is less than γ as well
as for each ordinal γ′ < γ there is an ordinal number α such that γ′ < ωα < γ
and thus the birthday of ωx is exactly γ.

Proposition 5. For each number x ∈ Rζ whose birthday is 0 ≤ α < ωµ,
the number ωx is also in Rζ . Moreover, if ζ is an ε-number, i.e., ωε = ε, then
for each number x ∈ Rζ whose birthday is less than ζ the power ωx is always in
Rζ .

The proof is evident.
Lemma 8. Let x and y be any positive numbers in No such that x 6= y.

Then ωx is not commensurate with ωy.
Proof. Suppose the opposite, i.e., there exists a natural number 0 < n < ω

such that ωx < n·ωy and ωy < n·ωx. The latter inequalities imply the following
once ωx−y < n and ωy−x < n.

Since for x 6= y there are only two possibilities: either x < y or y < x what
is the same that either y − x > 0 or x − y > 0. Thus one of the inequalities
ωx−y < n and ωy−x < n is in contradiction with Lemma 3. �

Corollary 3. If ωx 6= ωy, then ωx is not commensurate with ωy.
Proof. ωx 6= ωy implies x 6= y.
Lemma 9. Rζ = S−1Ōζ , where Ōζ is the closure of Oζ in Rζ .
Proof. By Definition, Rζ is a completion P̄ζ of the localization Pζ = S−1Oζ

of Oζ at zero, where S = Oζ \ {0}.
Consider S′ = Ōζ \ {0} ⊆ Rζ . We shall show that S′−1Ōζ ⊆ Rζ and

R+
ζ ⊆ S′−1Ō+

ζ .
If x = 0, then it is a member of both sets.
Let x 6= 0 be a member of S′−1Ōζ .
If x ∈ Oζ , then x ∈ Pζ and hence x ∈ Rζ .
If x /∈ Oζ , then there is a ζ-sequence (xα)0<α<ζ which converges to x and

xα ∈ Oζ for all 0 < α < ζ. Thus xα ∈ Pα for all 0 < α < ζ and hence x ∈ Rζ .
Let now x be a member of Rζ .
If x ∈ Oζ , then x ∈ Ōζ and hence x ∈ S′−1Ōζ . If x ∈ Pζ and x /∈ Oζ , then

1
x ∈ Oζ and hence 1

x ∈ Ōζ as well as x ∈ Ōζ . Hence x ∈ S′−1Ōζ .
If x /∈ Pζ , then then there is a ζ-sequence (xα)0<α<ζ which converges to x

and xα ∈ Pζ for all 0 < α < ζ.
Further, if there is a ζ-subsequence of (xα)0<α<ζ , say for short it itself, such

that xα ∈ Oζ , then x ∈ S′−1Ōζ .
If there is a ζ-subsequence of (xα)0<α<ζ , say for short it itself, such that

xα /∈ Oζ , then 1
x ∈ Oζ for all 0 < α < ζ. Moreover ( 1

xα
)0<α<ζ is ζ-fundamental

sequence and hence, by Proposition 3 and Theorem 3, x′ = lim
0<α<ζ

1
xα
∈ Ōζ ⊆ Rζ .

One can see that x′ = 1
x . Thus x ∈ Rζ . �

Corollary 4. The birthday of each x ∈ Rζ is less or equal to ζ
Proof. It is enough to consider x ∈ Rζ such that x /∈ Ōζ . Thus, its birthday

can be only great or equal to ζ. Suppose that it is ζ + 1. Then x = x′ ± 1
ζ , if

x′ ∈ Rζ and the birthday of x′ is ζ. If the birthday of x′ is less than ζ, then
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x = x′ + 2
ζ , or x = x′ − 1

2ζ , or x = x′ − 2
ζ , or x = x′ + 1

2ζ , respectively, when

x′ = ± 1
ζ . In all these cases x /∈ Rζ . Otherwise, ± 1

ζ , ± 2
ζ , ± 1

2ζ would be members

of Rζ what is wrong. If x = x′ ± 1
ζ and the birthday of x′ is ζ and x′ /∈ Rζ .

Then evidently x /∈ Rζ . The same argument for supposition that the birthday
of x is ζ + 2 and so on.

Corollary 5. Ōζ = Rζ .
Proof. Indeed, by Corollary 4, each x ∈ Rζ whose birthday is ζ has a

birthday form, i.e., x = {xL |xR} and the birthdays of all xL, xR are less than
ζ. Thus, all xL, xR are members of Oζ . �

Lemma 10. For every number x ∈ Rζ , ζ = ωω
µ

, 0 ≤ µ < Ω whose birthday
is α = ωµ, the following relation occurs: ωx /∈ Rζ .

Proof. Suppose the opposite, i.e., ωx ∈ Rζ . Denote this number by y
and consider the form of it as {0, yL | yR}, where {yL} and {yR} are sets of all
positive numbers such that yL ∈ Oζ and yR ∈ Oζ with the following properties
yL < y and yR > y.

Denote by ωz
L

and ωz
R

the numbers which commensurate with yL and yR,
respectively.

Since the birthdays of yL and yR are less than ζ then, by Lemma 4, ωz
L

and

ωz
R

are members of Rζ and their birthdays are also less than ζ because the zero-

terms ωz
L
0 r0 and ωz

R
0 s0 in normal forms of numbers yL and yR, respectively, are

in MγL and MγR , respectively, where γL and γR are the birthdays of yL and yR,

respectively, and thus less than ζ. Consequently, every ωz
L

and ωz
R

are numbers

of Rζ . Hence, by Corollary 3 to Lemma 5, no ωz
L

and ωz
R

commensurate with
y = ωx.

By the proof of Theorem 3, y = {0, yL, r · ωzL | yR, r · ωzR} = ωz, where
z = {0, zL | zR} and r denotes a variable ranging over all positive reals.

Since Rζ is ζ-complete we can choose an increasing ζ-sequence (yLα)0<α<ζ in
the set {yL} such that lim

0<α<ζ
yLα = y.

Thus lim
0<α<ζ

yLα = y = ωz then for each positive number ε ∈ Rζ there is an

ordinal number α0 < ζ such that |yα − ωz| < ε for all α0 ≤ α < ζ.

For each yα there is a natural number nα such that yα < nα · ωz
L
α because

yα is commensurate with ωz
L
α . Then |yα − ωz| < ε implies |nα · ωz

L
α − ωz| < ε

for all α0 ≤ α < ζ. The latter inequality implies |nα ·ωz
L
α−z − 1| < ε

ωz and thus

there is a stronger inequality |ωzLα−z − 1| < ε
ωz . But by Lemma 3, ωz

L
α < 1

n

for all natural 0 < n < ω because zLα − z < 0. Thus |ωzLα−z − 1| > | 1n − 1| for

all naturals 0 < n < ω. In particular, for n = 2 we obtain |ωzLα−z − 1| > 1
2 .

Then for ε = ωy

2 the above inequality |ωzLα−z − 1| < ε
ωz is in contradiction with

|ωzLα−z−1| > 1
2 . What proves that x is commensurate with some of ωz

L

or ωz
R

and also y 6= ωz for any z.
Lemma 11. Let ζ be the birthday of number x ∈ Rζ . Then x is reducible

in the sense of Conway, i.e., x =
∑
β<ζ

ωyβrβ and all β-terms ωyβ · rβ of x are
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simpler numbers (whose birthdays are less than ζ).
Proof. Let x be a positive number of x ∈ Rζ whose birthday is equal to ζ.

Since Rζ is ζ-complete we can consider x = {L |R}, where L = {xL ∈ Oζ : 0 ≤
xL < x} and R = {xR ∈ Oζ : x < xR}, i.e., xL, xR are nonnegative “dyadic“
numbers whose birthdays are less that ζ. Moreover, we can choose an increasing
ζ-sequence (xα)L0<α<ζ in the set {xL} such that lim

0<α<ζ
xLα = x.

By Theorem 3, each xL is commesurate with some ωy
L

(say) and each xR is

commensurate with some ωy
R

. Moreover, the birthdays of ωx
L

and ωx
R

are less
than ζ because the zero-terms ωy0r0 and ωz0s0 in normal forms of numbers xL

and xR, respectively, are in MγL and MγR , respectively, where γL and γR are
the birthdays of xL and xR, respectively, and thus less than ζ. Consequently,

every ωy
L

and ωy
R

are numbers of Rζ .
We shall prove that x must be commensurate with some ωy

L

or ωy
R

. Oth-

erwise, by the proof of Theorem 3, x = {0, xL, r · ωyL |xR, r · ωyR} = ωy, where
y = {0, yL | yR} and r denotes a variable ranging over all positive reals.

Since lim
0<α<

xLα = x = ωy then for each positive number ε ∈ Rζ there is an

ordinal number α0 < ζ such that |xα − ωy| < ε for all α0 ≤ α < ζ.

For each xα there is a natural number nα such that xα < nα · ωy
L
α because

xα is commensurate with ωy
L
α . Then |xα − ωy| < ε implies |nα · ωy

L
α − ωy| < ε

for all α0 ≤ α < ζ. The latter inequality implies |nα ·ωy
L
α−y − 1| < ε

ωy and thus

there is a stronger inequality |ωyLα−y − 1| < ε
ωy . But by Lemma 3, ωy

L
α < 1

n

for all natural 0 < n < ω because yLα − y < 0. Thus |ωyLα−y − 1| > | 1n − 1| for

all naturals 0 < n < ω. In particular, for n = 2 we obtain |ωyLα−y − 1| > 1
2 .

Then for ε = ωy

2 the above inequality |ωyLα−y − 1| < ε
ωy is in contradiction with

|ωyLα−y−1| > 1
2 . What proves that x is commensurate with some of ωy

L

or ωy
R

and also x 6= ωy for any y.
Proof of Theorem 7.
When µ = 0 it is a classical result that every positive real number x ∈ R has

an nth root. We recall the proof to show what new problems arise in the cases
when µ > 0.

Let µ = 0. Then Pω = Q and Rω = R. This is a well-known result of Classical
Analysis. Consider the section A|B of rationals Q, where A contains all negative
numbers, zero number and those positive numbers a such that an < x, and B is
the set of all rational numbers b such that an ≥ x. If there is a rational number
b such that bn = x we put y = b and Theorem 7 is proved.

If not, then B = {b | bn > x}. Clearly, that A and B are not empty because
for each natural number l such that 1

l < x < l one has 1
ln < x < ln, thus, 1

l ∈ A
and l ∈ B. It is also clear that A ∩ B = ∅, A ∪ B = Q and, for each a ∈ A,
b ∈ B, one has a < b because otherwise, b ≤ a implies bn ≤ an < x what is in
contradityion with bn > x. So the section A|B defines a real number y. One
can show that yn = x, i.e., y = n

√
x.

Indeed, since for every 0 < a < y < b one has an < yn < bn and, for
every natural number l > 0, there are a ∈ A, b ∈ B such b − a < 1

l (choose
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y− 1
2l < a < y and y < b < y+ 1

2l what is possible because Q is dense in R) we

conclude that bn − an = (b− a)(bn−1 + bn−2a+ ..+ an−1) < 1
l · n · b

n−1
0 , where

b0 is a fixed number such that b < b0, when b − a < 1
l , and hence A′|B′ is a

section of Q, where B′ = {bn | b ∈ B} and A′ = Q \ B′ which defines number
x. Thus, yn = x.

Suppose now that ζ = ωω
µ

, 0 < µ < Ω and consider the similar section
A|B of Pζ , then it is not evident that for every ordinal number α < ζ there
are a ∈ A, b ∈ B such b − a < 1

α in spite of the fact that they exist because
a priori there are many other sections of Pζ which do not satisfy this property.
Indeed, consider the set B of all numbers b ∈ Pζ such that b > 1

l , for each
natural number l > 0, and A = Pζ \ B. Clearly, A|B is a section of Pζ but
for the Conway’s number c = {A|B} the number c+ 1

ω satisfied that following
inequalities: a < c < c + 1

ω < b, for every a ∈ A, b ∈ B, and hence b − a >
c+ 1

ω − c = 1
ω , although ω < ζ.

Thus, we have to show that it is not the case. There are several ways to do
it. We use Conway’s Theorem 21 in [4], p. 33, that each number y ∈ No defines
a unique expression

y =
∑

0≤β<α

ωyβrβ , (16)

in which α denotes some ordinal, the numbers rβ (0 ≤ β < α) are non-zero
reals, and the numbers yβ form a descending sequence of numbers. Moreover,
normal forms for distinct y are distinct, and every form satisfying these conditios
occurs.

There are no any hint in Conway’s proof that y = n
√
x in (16) is a number

in Rζ when x ∈ Rζ . We shall show that y = n
√
x ∈ Rζ indeed.

Prove by contradiction. Suppose that it is not so and y = n
√
x /∈ Rζ .

Notice first that ωy0r0 < α0, for some ordinal 0 < α0 < ζ. Otherwise, if
ωy0r0 > α for all 0 < α < ζ, and hence y > α for all 0 < α < ζ, because
y1 =

∑
0<β<α

ωyβrβ is small compared to ωy0r0. Thus, by Lemma 2, yn > α for

all 0 < α < ζ what is in contradiction with yn = x ∈ Rζ .
Moreover, ωy0r0 ∈ Rζ . Otherwise, ωy0r0 <

1
α for all 0 < α < ζ and hence

y < 1
α for all 0 < α < ζ, because y1 =

∑
0<β<α

ωyβrβ is small compared to ωy0r0.

Thus, by Lemma 3, yn = x < 1
α for all 0 < α < ζ what is in contradiction with

yn = x ∈ Rζ .
Then there is a β-term in (16) such that ωyβrβ /∈ Rζ , otherwise, it would be

contrary to our assumption. Moreover, there is the smallest ordinal number β0

with such property because the set of all ordinals is well ordered and hence all
β with above property has the smallest one. Thus,

y = n
√
x =

∑
0≤β<β0

ωyβrβ +
∑

β0≤β<α

ωyβrβ = a+ b, (17)

where a ∈ Rζ , and
∑

0≤β<β0

ωyβrβ is its normal form, b /∈ Rζ , and
∑

β0≤β<α
ωyβrβ

is its normal form. Clearly, that |b| is small compared to any positive number
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in Rζ , i.e., for each number c > 0 and c ∈ Rζ one has c · b /∈ Rζ . Otherwise, it
should be contrary to the minimality of β0.

Consider x = (a + b)n = an + C1
na

n−1b + C2
na

n−2b2 + ... + bn. Clearly,
x − an ∈ Rζ and C1

na
n−1b + ... + bn is small compared to any number in Rζ

and cannot be equal to x− an ∈ Rζ . The only way to avoid contradiction is to
conclude that b = 0 and a = y. Thus y ∈ Rζ is an nth root of x. �

Corollary 6 Let x be a positive number in Rζ , ζ = ωω
µ

, 0 < µ < Ω,
A = {a ∈ Pζ | a ≤ 0 ∨ an < x}, B = {b ∈ Pζ | b > 0 & bn > x} and A′ = {a′ ∈
Pζ | a′ ≤ 0 ∨ s′ = an, a > 0 & a ∈ A}, B′ = {b′ ∈ Pζ | b′ = bn, b > 0 & b ∈ B}.
Then {A |B} defined y = n

√
x and {A′ |B′} defined x such that yn = x.

Proof. By Theorem 7, y = n
√
x ∈ Rζ . Consider the following ζ-sequences

(y− 1
2α )0<α<ζ and (y+ 1

2α )0<α<ζ . Since Pζ is dense in Rζ , for each 0 < α < ζ,
we can find aα ∈ A and bα ∈ B such that y − 1

2α < aα < b+ 1
2α . Moreover, in

addition we can choose aα and bα such that aα < aα+1 and bα > bα+1. Then
[a1, b1] ⊃ [a1, b1] ⊃ ... ⊃ [aα, bα] ⊃ [aα+1, bα+1] ⊃ ... is an transfinite ζ-sequence
of embedded intervals [aα, bα] in Rζ such that lim

0<α<ζ
(bα − aα) = 0, because

bα − aα < y + 1
2α − y + 1

2α = 1
α . Then there is a unique number c ∈ Rζ which

belongs to each interval [aα, bα], 0 < α < ζ, and thus c = y.
Consider now ζ-sequences (x − 1

2α )0<α<ζ and (x + 1
2α )0<α<ζ . Since Pζ is

dense in Rζ , for each 0 < α < ζ, we can find a′α ∈ A′ and b′α ∈ B′ such that
x− 1

2α < a′α < b′ + 1
2α . Indeed, by Theorem 7, there are numbers vα, wα ∈ Rζ

such that vn = x − 1
2α and wn = x + 1

2α . By density of Pζ in Rζ , we can
find numbers aα, bα ∈ Pζ such thar vα < aα < y < bα < wα. Moreover, in
addition we can choose aα and bα such that aα < aα+1 and bα > bα+1. Then
we put a′α = anα and b′α = bnα and see that [a′1, b

′
1] ⊃ [a′2, b

′
2] ⊃ ... ⊃ [a′α, b

′
α] ⊃

[a′α+1, b
′
α+1] ⊃ ... is an transfinite ζ-sequence of embedded intervals [a′α, b

′
α] in

Rζ such that lim
0<α<ζ

(b′α − a′α) = 0, because b′α − a′α < x + 1
2α − x + 1

2α = 1
α .

Then, by Lemma 5, there is a unique number c′ ∈ Rζ which belongs to each
interval [a′α, b

′
α], 0 < α < ζ, and thus c′ = x. �

9. A root in Rζ of odd-degree polynomial with coefficients in Rζ

Theorem 9. Every odd-degree polynomial with coefficients in Rζ has a root
in Rζ .

Proof. By Theorem 5, proved by Conway in [4], p. 40-41, every odd-degree
polynomial with coefficients in No has a root in No. We have to show that
by supposition of Theorem 9, i.e., when an odd-degree polynomial, say without
loss of generality Pn(x) = a0x

n+a1x
n−1 +a2x

n−2 + ...+an−1x+an, n = 2k+1,
0 < k < ω, with coefficients a0, a1, a2, ..., an−1, an ∈ Rζ , a0 6= 0, has a root, say
x̄, in Rζ . For now we know only, by Theorem 4, that x̄ ∈ No.

We omit trivial case k = 0 when f1(x) = a0x+ a1 because it has an evident
root x̄ = −a1

a0
∈ Rζ . Thus, we consider only cases 0 < k < ω.

First of all, clearly an 6= 0, and we shall show that there are no inequalities
|x̄| > α, for all 0 < α < ζ, and |x̄| < 1

α , for all 0 < α < ζ, and hence there are
numbers a, b ∈ Rζ such that a ≤ x̄ ≤ b.

21



Indeed, consider the first case when |x̄| > α, for all 0 < α < ζ. Then

|x̄n + a1x̄
n−1 + a2x̄

n−2 + ...+ an−1x̄| > | − an|. (18)

Contradiction, because x̄n + a1x̄
n−1 + a2x̄

n−2 + ... + an−1x̄ + an = 0 implies
|x̄n + a1x̄

n−1 + a2x̄
n−2 + ...+ an−1x̄| = | − an|.

Formula (18) follows from Lemmas 3 and 4. Indeed, in the first case when
|x̄| > α for all 0 < α < ζ Lemma 2 implies formula (18) because |x̄n +a1x̄

n−1 +
a2x̄

n−2+...+an−1x̄| = |x̄|·|x̄n−1+a1x̄
n−2+a2x̄

n−3+...+an−1| > |x̄·1| > |−an|.
Consider now the second case when |x̄| < 1

α for all 0 < α < ζ.
Then we shall prove that

|x̄n + a1x̄
n−1 + a2x̄

n−2 + ...+ an−1x̄| < | − an|. (19)

Contradiction because as above it should be an equality.
We continue now the proving of Theorem 9. We have already proved that

there are two numbres a, b ∈ Rζ such that a ≤ x̄ ≤ b. Really, by above provings,
|x̄| ≤ α0 or |x̄| ≥ 1

α0
for some ordinal number α0 ∈ Rζ . In the first case a = −α0

and b = α0 and in the second case a = 1
α0

and b = α1 for some ordinal α1 > x̄,

if of course x̄ ≥ 1
α0

; and a = −α1 for some ordinal α1 > |x̄| and b = − 1
α0

if of

course x̄ ≤ − 1
α0

.

Let Pn(x) = a0x
n + a1x

n−1 + ... + an−1x + an, a0 6= 0, be a polynomial
function such that n = 2k + 1, 0 < k < ω and an 6= 0 because if an = 0, then
the polynomial Pn(x) has an evident root x̄ = 0 ∈ Rζ .

By the linear transformation ϕ : [0, 1] → [a, b], given by formula ϕ(x) =
(b− a)x+ a we can consider another polynomial function Qn(x) = Pn(ϕ(x)) =
b0x

n+ b1x
n−1 + ...+ bn−1x+ bn, b0 = a0 · (b−a) 6= 0, and bn = a0a

n+a1a
n−1 +

...+an−1a+an 6= 0 because a is not a root of Pn(x), otherwise. Theorem 9 had
be proved.

Since ϕ : [0, 1] → [a, b] can be also considered in No is a bijection, because
the inverse map ϕ−1 : [a, b] → [0, 1] is given by ϕ−1(y) = 1

b−ay + a
a−b which

preserves the oders on [0, 1] and [a, b], i.e., if x1 < x2, then evidently ϕ(x1) =
x1(b − a) + a < x2(b − a) + a = ϕ(x2) as well as y1 < y2 implies ϕ−1(y1) =

1
b−ay1 + a

a−b < 1
b−ay2 + a

a−b = ϕ−1(y2). Consequently, a ≤ x̄ ≤ b implies

0 ≤ x̂ ≤ 1, where x̂ = ϕ−1(x̄).
One can easily check that x̂ is a root of gn(x) because Qn(x̂) = Pn(ϕ(x̂)) =

Pn(x̄) = 0 and if we prove that x̂ ∈ Rζ , then evidently x̄ = ϕ(x̂) ∈ Rζ and
Theorem 9 will be proved.

We shall show that x̂ = c+ε, where c ∈ [0, 1] ⊂ Rζ and ε /∈ [0, 1] and smaller
than each number in (0, 1].

Indeed, consider a normal form of x̂:

x̂ =
∑

0≤β<α

ωyβrβ . (20)

Suppose that x̂ /∈ [0, 1] ⊂ Rζ . Then there is a β-term in (20) such that
ωyβrβ /∈ [0, 1] ⊂ Rζ , otherwise, it would be contrary to our assumption. More-
over, there is the smallest ordinal number β0 with such property because the
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set of all ordinals is well ordered and hence all β with above property has the
smallest one. Thus,

x̂ =
∑

0≤β<β0

ωyβrβ +
∑

β0≤β<α

ωyβrβ = c+ ε, (21)

where c ∈ [0, 1] ⊂ Rζ , and
∑

0≤β<β0

ωyβrβ is its normal form, ε /∈ [0, 1] ⊂ Rζ ,

and
∑

β0≤β<α
ωyβrβ is its normal form. Clearly, that |ε| is small compared to any

number in (0, ] ⊂ Rζ , i.e., |ε| < 1
α for all 0 < α < ζ.

We can suppose that 0 < x̂ < b, otherwise, 0 or 1 will be a root of gn(x) and
a or b will be a root of Pn(x) and also Theorem 7 will be proved.

By Lemma 2, x̂ = c+ ε, where c ∈ [0, 1] ⊂ Rζ and |ε| < 1
α for all 0 < α < ζ,

moreover, c 6= 0, because for c = 0, by Lemma 2, |b0εn + b1ε
n−1 + ...+ bn−1ε| <

| − bn|.
By the same Lemma, |b0εn+b0ε

n−1c+...+nb0εc
n+b1ε

n−1+b1(n−1)εn−2c+
...+ b1(n− 1)εn−1) + ...+ bn−1ε| < | − b0cn − b1cn−1 − ..− bn−1c− bn|.

Thus, x̂ = c ∈ Rζ and hence x̄ = ϕ(x̂) = ϕ(c) = x̄ ∈ Rζ and Theorem 7 has
been finally proved.

Consider now the second case when |x̄| < 1
α for all 0 < α < ζ.

Then we shall prove that

|x̄n + a1x̄
n−1 + a2x̄

n−2 + ...+ an−1x̄| < | − an|. (22)

Contradiction because as above it should be an equality. Lemma 3 implies
formula (22). Indeed, if contrary

|x̄n + a1x̄
n−1 + a2x̄

n−2 + ...+ an−1x̄| ≥ | − an|, (23)

then take any ordinal number α0 such that 1
α0

< |−an| and obtain an inequality

|x̄n+a1x̄
n−1 +a2x̄

n−2 + ...+an−1x̄| > 1
α0

what is in contradiction with Lemma
3. �

9. Definition of exponential and logarithmic functions

Conway did not know of any power operation xy defined for all numbers y
and for all positive x but he defined the exponential function exp x provided
−n < x < n for some integer n and also he defined a natural function ωx which
play a vital role in his theory of numbers. Moreover, he expressed his doubt
about the possibility of giving a natural definition of the function xy for infinite
y and said that “Nor does there seem to be any particular point of making these
definition“(see [4], p. 43). In this paragraph we dispel Conway’s doubts.

First of all, here are two definitions and some remarks we need for.
Definition 15. A Conway’s number x ∈ No is called finite if for some

natural number n there are inequalities −n < x < n. Otherwise, x ∈ No is
called infinite. The set of all infinite numbers in Rζ ⊂ No we denote by Rinfζ
and the set of all finite numbers in Rζ ⊂ No we denote by Rfζ . In our notation
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Rinfζ = {x ∈ No |x < −∞ω ∨ x > +∞ω} and Rfζ = {x ∈ No | − ∞ω < x <
+∞ω}.

Definition 16. By an infinite initial integer we understand a number x ∈
No whose normal form is the following: x =

∑
0≤α′<α

ωyα′ rα′ , where yα′ > 0, for

all 0 ≤ α′ < α. We also call null 0 the only initial finite integer number.
One can see that each number x ∈ No is a sum of an infinite initial inte-

ger x′ or the finite initial integer x′ = 0 and a finite number x′′. Indeed, let∑
0≤β<α

ωyβrβ be a normal form of x. Then we put x′ =
∑

0≤β<α′
ωyβrβ , where

yβ > 0 for all 0 ≤ β < α′ in the normal form of x and α′ is the greatest or-
dinal with such property; if α′ = 0, then we put x′ = 0. Notice that, by
Conway’s definition, the formal sum

∑
0≤β<α′

ωyβrβ is the simplest number (i.e.,

the first-born number) whose β-term is ωyβrβ for all 0 ≤ β < α′. We also put
x′′ =

∑
α′≤β<α

ωyβrβ in the normal form of x and it is the simplest number whose

β-term is ωyβrβ for all α′ ≤ β < α as well.
Then it is obvious that x = x′ + x′′ and we call x′ an infinite part of x and

x′′ a finite part of x. Clearly, finite numbers x ∈ Rζ , ζ = ωω
µ

, 0 ≤ µ < Ω,
have no infinite parts and infinite inegers have no finite parts. Moreover, all
these partial sums as well as x itself must belong to the set Mγ , where γ is the
birthday of x, and hence if x ∈ Rζ , ζ = ωω

µ

, µ > 0, then its infinite part x′ and
finite part x− x′ are also in Rζ .

Denote by Z′ the set of all initial intergers of No, i.e., No′ = {x′ |x ∈
No &x′ = 0} and by No′′ = {x′′ |x ∈ No}. Note that No′′ = Nof but
No′′ 6= Noinf at all. It is clear that Z′ and No′′ are additive subgroups of No.

Definition 17. We say that numbers x and y are congruent if x−y ∈ No′′.
Plainly this is an equivalent relation whose equivalent Classes are convex,

i.e., if x < z < y and x and y are congruent, then z is compatible with both.
Indeed, this relation is, evidently, reflexive since

x− x = 0 ∈ No′′;

it is also symmetrical because

x− y ∈ No′′ ⇒ y − x ∈ No′′;

it is also transitive because

(x− y ∈ No′′) & (y − z ∈ No′′)⇒ (x− y + y − z ∈ No′′)⇒ (x− z ∈ No′′).

It is really convex because if x < z < y and x−y ∈ No′′, then x−z+z−y ∈
No′′ and hence x − z ∈ No′′ and z − y ∈ No′′. If x, z, y ∈ No′′ it is clear
because No′′ is a subgroup of No. If x, z, y /∈ No′′, then z − x, y − z ∈ No′′

because z − x < y − x and y − z < y − z since x < z < y.
Now we give a definition of exponential functions and logarithmic functions

with domains X = No and X ⊂ No+, where No+ = {x ∈ No |x > 0}, respec-
tively, and hence a definition of expotential functions and logarithmic functions
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with domains Xζ = (−∞ζ ,+∞ζ) and Xζ ⊂ ( 1
+∞ζ

,+∞ζ) of Rζ , respectively,

for all ζ = ωω
µ

, where 0 < µ < Ω. It can be compared
First, as mentioned above, Conway defined the expotential function y =

ex and logarithmic function y = lnx with domains Xω = (−∞ω,+∞ω) and
Xω = ( 1

+∞ω
,+∞ω), respectively, by power-series which are convergent in these

intervals (see [4], p. 43) using his result that power-series with real coefficients
is always absolutely convergent for all infinitesimal valuses of a variable (see
Theorem 23 in [4], p. 40). Scheme of this construction is the following. At the
beginning y = ex and ln(1 + x) are defined on the interval (− 1

+∞ω
,+ 1

+∞ω
), or

for infinitesimals δ, i.e., − 1
n < δ < + 1

n for all natural numbers n > 0, by the
following formulas:

ex = 1 + x+
x2

2!
+ ...+

xn

n!
+ ... (24)

and

ln(1 + x) = x− x2

2
+ ...+ (−1)n−1x

n

n
+ ..., (25)

respectively, which uniquely define Conway’s numbers because of the fact that
power-series with real coefficients is always absolutely convergent for all in-
finitesimal valuses of a variable.

Indeed, for each infinitesimal δ formulars 24 and 25 define uniquely numbers
eδ − 1 and ln(1 + δ), respectively. Really, if δ > 0, then

eδ−1 = δ+
δ2

2!
+ ...+

δn

n!
+ ... = {δ, δ+

δ2

2!
, ..., δ+

δ2

2!
+ ...+

δ2

2!
, ... | 1, 1

2
, ...,

1

n
, ...}.
(26)

If δ < 0, then

eδ−1 = δ+
δ2

2!
+...+

δn

n!
+... = {−1,−1

2
, ...,− 1

n
, ...| δ, δ+δ2

2!
, ..., δ+

δ2

2!
+...+

δ2

2!
, ...}.
(27)

Similarly, if δ > 0, then

ln(1+δ) = δ−δ
2

2
+...+(−1)n−1 δ

n

n
+... = {δ, δ−δ

2

2
, ..., δ−δ

2

2
+...+(−1)n−1 δ

n

n
, ... | 1, 1

2
, ...,

1

n
, ...}.

(28)
If δ < 0, then

ln(1+δ) = δ−δ
2

2
+...+(−1)n−1 δ

n

n
+... = {−1,−1

2
, ...,− 1

n
, ... | δ, δ−δ

2

2
, ..., δ−δ

2

2
+...+(−1)n−1 δ

n

n
, ...}..

(29)
For arbitrary x ∈ No such that −∞ω < x < +∞ω and 1

+∞ω
< 1+x < +∞ω,

respectively, there are real numbers x̄ such that x = x̄ + δ, where δ is an
infinitesimal δ, and we put ex = ex̄+δ = ex̄ · eδ and ln(1 + x) = ln(1 + x̄+ δ) =
ln((1+x̄)(1+ δ

1+x̄ )) = ln(1+x̄)+ln(1+ δ
1+x̄ ), respectively. So there is a bijection

between (−∞ω,+∞ω) and ( 1
+∞ω

,+∞ω), given by y = ex or by ln y.
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Actually there is much more broad extension of functions y = ax and y =
loga x for all numbers x ∈ No and for all x ∈ X ⊂ No+, respectively, where

1
+∞ω

< a < +∞ω such that a 6= 1, in particular, for all x ∈ Rζ and for all

x ∈ Xζ ⊂ R+
ζ , where a ∈ ( 1

+∞ω
,+∞ω) ⊂ Rζ such that a 6= 1.

Theorem 10. Let a ∈ No be a fixed number such that 1
+∞ω

< a < +∞ω

and a 6= 1. Then there are functions y = ax and y = loga x, defined for
each x ∈ No and for each x ∈ X ⊂ No+, where X is some definite subset
of No+, repectively, which are inverse with each other and when a ∈ R, then
the restrictions of these functions on R and R+ are the real-valued expotential
function and logarithmic function, respectively.

Proof. As mentioned above, Conway defined the functions y = ex and
y = lnx on (−∞ω,+∞ω) ⊂ No and ( 1

+∞ω
,+∞ω) ⊂ No+, respectively, which

are extensions of real-valued functions y = ex and y = lnx, when x ∈ R and
x ∈ R+, respectively.

A light extension is for a fixed number a such that 1
+∞ω

< a < +∞ω and

a 6= 1, when we put y = ax = (eln a)x = eln a·x and y = loga x = ln x
ln a , which are

well-defined above for all x ∈ (−∞ω,+∞ω) ⊂ No and all x ∈ ( 1
+∞ω

,+∞ω) ⊂
No+, respectively, and are inverse with each other; moreover, when a ∈ R, then
the restrictions of these functions on R and R+ are the real-valued expotential
function and logarithmic function, respectively.

We have to extend them to the fucntions y = ax and y = loga x for all
numbers x ∈ No and x ∈ X ⊂ No+, respectively, where X = X− ∪X0 ∪X+,
X0 = ( 1

+∞ω
,+∞ω) and X− ∪X+ will be defined further.

Suppose at first that a > 1. At the beginning we define y = ax for every

number x ∈ No such that x > +∞ω. For x = ω we put aω
def
= ω. For all other

x > +∞ω we consider x = x′ + x′′, where x′ and x′′ are infinite and finite part
of x and put, by definition, the value of the function ax, given by the following
formulas:

ax = ax
′+x′′ def= ax

′
· ax

′′ def
= ω

x′
ω · ax

′′
, (30)

where the latter expression ω
x′
ω is uniquely defined by formula (5).

Clearly, if x1, x2 ∈ No such that x1, x2 > +∞ω, then

ax1+x2 = ax
′
1+x′′1 +x′2+x′′2 = a(x′1+x′2)+(x′′1 +x′′2 ) = ω

x′1+x′2
ω · ax′′1 +x′′2 =

= ω
x′1
ω +

x′2
ω · ax′′1 +x′′2 = ω

x′1
ω · ω

x′′2
ω · ax′′1 · ax′′2 = ax

′
1 · ax′2 · ax′′1 · ax′′2 =

= ax
′
1 · ax′′1 · ax′2 · ax′′2 = ax

′
1+x′′1 · ax′2+x′′2 = ax1 · ax2 ,

(31)

by a correct formula ω
x′1
ω +

x′2
ω = ω

x′1
ω · ω

x′2
ω (see Theorem 20 in [4], Theorem 21,

p. 33.)
If x ∈ No such that x < −∞ω, then we put ax = 1

a−x . It is clear that for all
x1, x2 < −∞ω we obtain ax1+x2 = 1

a−x1−x2
= 1

a−x1 ·a−x2
= 1

a−x1
· 1
a−x2

= ax1 ·ax2 .

At last, if a < 1, then for each x ∈ No we put ax = 1
( 1
a )x

. Indeed, a0 =
1
1
a

0 = 1, a−1 = 1
( 1
a )−1 = 1

a and for every x1, x2 ∈ No such that x1, x2 > +∞ω

we obtain
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ax1+x2 = 1
( 1
a )x1+x2

= 1
( 1
a )x1 ·( 1

a )x2
= ax1 · ax2 . (32)

Notice also that for any two numbers x1, x2 ∈ No such that ax1 = ax2 , then
ax1

ax2
= 1 and also ax1−x2 = 1 thus x1 − x2 = 0 and x1 = x2 whenever a > 1 or

a < 1. Thus the exponent function y = ax is injective.

Remark 2. In the definition of ax
′

= ω
x′
ω we did not use here usual formula

in real numbers R as (ab)
c

= ab·c, which does not work for ininfinite number,

i.e., ax
′

= aω·
x′
ω = (aω)

x′
ω = ω

x′
ω , because, e.g., a2·ω 6= (a2)ω, otherwise, for

x = 2 · ω = x′ we should obtain a2·ω = (a2)ω = ω 6= ω
2·ω
ω = ω2.

Let a ∈ No+ such that a 6= 1. Now we are going to define y = loga x for
some (not all) numbers x > +∞ω.

Definition 18. By X+ ⊂ No+ we denote the set of all x > +∞ω such that
in a canonical form

∑
0≤β<α

ωyβ · rβ of x the number y0 =
∑

0≤γ<α0

ωzγ · sγ has

the following property: zγ > −1, for all 0 ≤ γ < α0, where
∑

0≤γ<α0

ωzγ · sγ is

a canonical form of y0. By X− ⊂ No+ we denote the set of all x ∈ No+ such
that 1

x ∈ X
+. And at last, by X0 we denote the set ( 1

+∞ω
,+∞ω).

Lemma 12. x ∈ X+ if and only if there is a number y ∈ No such that
x = ay. Also x ∈ X− if and only if there is a number y ∈ No such that x = 1

ay .
Proof. If x ∈ X+, then we consider a canonical form x =

∑
0≤β<α

ωyβ · rβ ,

where numbers yβ form a descending sequence, i.e., yβ > yβ′ for all 0 ≤ β <
β′ < α, and rβ are real numbers. Since x is a positive number hence r0 > 0 and
thus we can write

x = ωy0 · r0 · (1 + δ) (33)

where
δ =

∑
0<β<α

ωyβ−y0 · rβ
r0

(34)

and δ is an infinitesimal number.
Now we can define y as a value of the logarithmic function in a point x by

the following formulas:

y = loga x
def
= ω · y0 + loga r0 + loga(1 + δ), (35)

which is well-defined because loga r0 real-valued logarithm and loga(1 + δ) is
defined above because 1 + δ ∈ X0. It is really an exponent whose power ay = x.
Indeed,

ay = aω·y0+loga r0+loga(1+δ) = aω·y0 ·aloga r0 ·aloga(1+δ) = ωy0 ·r0·(1+δ) = x, (36)

because aω·y0 = ωy0 since ω · y0 =
∑

0≤γ<α0

ωzγ+1 · sγ , by our definition of X+,

and zγ + 1 > 0 for all 0 ≤ γ < α0, and thus the formula aω·y0 = ωy0 is correct.
Consider now an arbitrary number y ∈ No such that y > +∞ω. We have to

prove that ay = x ∈ X+. We know that y = y′+ y′′, where y′ is an infinite part
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of y and y′′ is a finite part of y. Then ay = ay
′+y′′ = ω

y′
ω ·ay′′ = x ∈ X+. Indeed,

consider a canonical form
∑

0≤β<α
ωyβ ·rβ of x. It is clear that y0 = y′

ω because the

canonical form of ω
y′
ω is ω

y′
ω itself and the canonical form of 1

+∞ < ay
′′
< +∞ω

is the following: ω0 · r0 +
∑

0<β<α

ωzβ · sβ . Thus the caninical form of x is the

following: ω
y′
ω · (ω0 · r0 +

∑
0<β<α

ωzβ · sγ) = ω
y′
ω · r0 +

∑
0<γ<α

ωzγ+ y′
ω · sγ . And

since x =
∑

0≤β<α
ωyβ · rβ = ω

y′
ω · r0 +

∑
0<γ<α

ωzγ+ y′
ω · sγ we obtain the following

equality: y0 = y′

ω and thus the canonical form of
∑

0≤γ<α1

ωzγ · sγ of y0 has the

following property: zγ > −1 for all 0 ≤ γ < α1. Indeed, let
∑

0≤γ<α1

ωtγ · sγ be

a canonical form of y′. Since y′ is an ininite initial integer then, by Definition
18, tγ > 0 for all 0 ≤ γ < α1 and thus zγ > −1 for all 0 ≤ γ < α1 because
zγ = tγ − 1 for all 0 ≤ γ < α1.

If x ∈ X−, then 1
x ∈ X

+ and, by the first part of proving, it is iff there is a
number y such that 1

x = ay and hence x = 1
ay . �

And it is the end of proving Lemma 12.
Now we continue the proof of Theorem 8. For each x ∈ X− we put y =

loga x = − loga
1
x . Really it is needed logarithm because a− loga

1
x = 1

aloga
1
x

=
1
1
x

= x.

Thus, we have defined a logarithmic function y = loga x for all x ∈ X =
X− ∪X0 ∪X+ by three formulas on each component of X.

At last, if a < 1, then we define y = loga x
def
= − log 1

a
x for all x ∈ X =

X− ∪X0 ∪X+.
Notice that for every x1, x2 ∈ X− ∪X0 ∪X+ there is a natural formula

loga(x1 · x2) = loga x1 + loga x2. (37)

Indeed, consider canonical forms of numbers x1 and x2, respectively, in informed

kind (33) x1 = ωy
(1)
0 · r(1)

0 · (1 + δ(1)) and x2 = ωy
(2)
0 · r(2)

0 · (1 + δ(2)), respectively.
Then by formula (35), we obtain the following formulas:

loga x1 = ω · y(1)
0 + loga r

(1)
0 + loga(1 + δ

(1)
0 ) (38)

and

loga x2 = ω · y(2)
0 + loga r

(2)
0 + loga(1 + δ(2)), (39)

respectively.
Consider now

loga x1 + loga x2 =

ω · y(1)
0 + loga r

(1)
0 + loga(1 + δ(1))+ω · y(2)

0 + loga r
(2)
0 + loga(1 + δ(2)) =

ω · (y(1)
0 + y

(2)
0 ) + loga r

(1)
0 + loga r

(2)
0 + loga(1 + δ(1)) + loga(1 + δ(2)) =

ω · (y(1)
0 + y

(2)
0 ) + loga(r

(1)
0 · r(2)

0 · (1 + δ(1)) · (1 + δ(2)))
(40)
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One can see that

aloga x1+loga x2 = aω·(y
(1)
0 +y

(2)
0 )+loga(r

(1)
0 ·r

(2)
0 ·(1+δ(1))·(1+δ(2))) =

ωy
(1)
0 · ωy

(2)
0 · r(1)

0 · r(2)
0 · (1 + δ(1)) · (1 + δ(2)) =

ωy
(1)
0 · r(1)

0 · (1 + δ(1)) · ωy
(2)
0 · r(2)

0 · (1 + δ(2)) =
x1 · x2 = aloga(x1·x2).

(41)

Thus the following formula

loga x1 + loga x2 = loga x1 · x2. (42)

�
Corollary 7. For each fixed number a ∈ No+ such that a ∈ X−1 ∪ X+

there is an exponential function y = ax whose domain is No and whose rang of
values is X− ∪X+ there is a logarithmic function y = loga x.

Proof. If a ∈ X−1 ∪ X+, then, by Theorem 20 in [4], there is a well-
defined value logb a for any number b ∈ ( 1

+∞ω
,+∞ω) such that b 6= 1. Then

for each x ∈ No we put y = ax
def
= bx·logb a. This number bx·logb a uniquely

defined by Theorem 20, and the definition of ax = bx·logb a is correct. It is clear
that such definition of ax does not depend of a choice of b ∈ ( 1

+∞ω
,+∞ω),

b 6= 1. Indeed, for any c ∈ ( 1
+∞ω

,+∞ω), c 6= 1 we obtain ax = cx·logc a =

clogc b·x·
logc a
logc b = (clogc b)x·

logc a
logc b = bx·logb a. Moreover, for any x1, x2 ∈ No we

have ax1+x2 = b(x1+x2)·logb a = bx1·logb a · bx2·logb a = ax1 · ax2 .

Then for each x ∈ X+ we put loga x
def
= logb x

logb a
. This definition is also

correct since numbers logb x and logb a are unuquely defined by Theorem 20,
and logb a 6= 0 because a > +∞ω or 0 < a < 1

+∞ω
.

One can see, by formula (30), that a
logb x

logb a = b
logb a·

logb x

logb a = blogb x = x.

Moreover, if x1, x2 ∈ X+, then loga(x1 · x2) = logb(x1·x2)
logb a

= logb x1+logb x2

logb a
=

logb x1

logb a
+ x2

logb a
= loga x1 + loga x2. Clearly, a definition and properties of loga x

do not depend on a choice of b. Indeed, for any c ∈ ( 1
+∞ω

,+∞ω), c 6= 1 we

obtain loga x = logc x
logc a

= logc x
logc b

· logc b
logc a

= logb x
logb a

.

If x ∈ X−, then 1
x ∈ X

+ and we put loga x = − loga
1
x . �

Remark 3. Notice that for a = ω and x ∈ No such that x ·ω ∈ Z′ the value
ωx in Conway’s definition coincides with ours here. Indeed, ωx = bx·logb ω = bx·ω

and bx·ω
def
= bω·

x·ω
ω = ωx. �

Corollary 8. Let Rζ , ζ = ωω
µ

, 0 < µ < Ω, be a topological space with Rζ-
topology, i.e., a lineary-ordered topology, and a ∈ R+

ζ ∩X be a fixed number such

that a 6= 1, Where X = X− ∪X0 ∪X+. Then there are continuous functions
y = ax whose domain is X̄1 ⊆ Rζ and whose range of values is X̄2 = a(X1),
and y = loga x whose domain is X̄2 and whose range of values is X̄1, which
are inverse with each other, and when a ∈ R+, then the restrictions of these
functions on R and R+ are the real-valued exponential function and logarithmic
function, respectively.
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Proof. Let a ∈ Rζ ∩X be a number such that a 6= 1, ζ = ωω
µ

, 0 < µ < Ω.
By Theorem 20 and Corollary 7, there are functions y = ax and y = loga x,
defined for all x ∈ No and for all x ∈ X = X− ∪ X0 ∪ X+ (when 1

+∞ω
<

a < +∞ω) and for all x ∈ X− ∪ {1} ∪ X+ (when a > +∞ω or a < 1
+∞ω

),
respectively, which are inverse with each other and when a ∈ R and each x ∈ R
and x ∈ R+.

Consider now the restrictions of them on Rζ and R+
ζ ∩ X, when a ∈ X0,

and on Rζ ∩ (X− ∪ {1} ∪X+), when a > +∞ω or a < 1
+∞ω

, respectively. We

define X̄1 = {x ∈ Rζ | ax ∈ R+
ζ ∩X} as a domain of the funcion y = ax in Rζ

and its range of values is X̄2 = a(X̄1). Then we define a function y = loga x in
Rζ as a restriction of y = loga x on X̄2, where, evidently, X̄2 = R+

ζ ∩ X is a

domain of the function y = loga x in Rζ and its range of values is X̄1. Clearly,
the restrictions of these functions on R and R+ are the real-valued expotential
function and logarithmic function, respectively.

We have to prove now that y = ax and y = loga x are ζ-continuous functions.
Notice that functions y = ax and y = loga x are monotone, more exactly,

for a > 1 their are monotonic incresing and for a < 1 their are monotonic
decreasing. Indeed, if x1, x2 ∈ X̄1 such that x1 < x2 and a > 1, then ax2−ax1 =
ax2 · (1− ax1

ax2
) = ax2 · (1− ax1−x2) > 0 and hence ax1 < ax2 . If x1, x2 ∈ X̄1 such

that x1 < x2 and a < 1, then ax2 −ax1 = ax2 · (1− ax1

ax2
) = ax2 · (1−ax1−x2) > 0

and hence ax1 > ax2 .
Since y = loga x is an inverse function to y = ax, then it is also monotonic

increasing for a > 1 and monotonic decreasing for a < 1.
Now if we suppose that y = ax is not continuous (say) in a point x0 ∈ X̄1,

then there is a number ε ∈ (0, 1) ⊂ Rζ such that for each 1
α ∈ Rζ , 0 < α < ζ,

there is a number xα ∈ X̄1 with |xα − x0| < 1
α and |axα − ax0 | > ε. We shall

show that there is a number ȳ ∈ X̄2 such that there is no x̄ ∈ X̄1 with ax̄ = ȳ.
Really, if xα > x0, for all 0 < α < ζ, then for all x > x0 we obtain

|ax − ax0 | = ax − ax0 > ε, by monotonic increasing function y = ax, for a > 1
and some 0 < α < ζ such that x0 < xα < x, because axα < ax; and |ax−ax0 | =
ax0 − ax > ε, by monotonic decreasing function y = ax, for a < 1 and some
0 < α < ζ such that x0 < xα < x, because axα > ax. Thus, a desired number is
ȳ = ax0 + ε

2 (a possible, in general, case for a discontinuous monotone function
when it is continuous from the left and break from the right).

If xα > x0, for all 0 < α < ζ, then for all x < x0 we obtain |ax−ax0 | = ax0−
ax > ε, by monotonic increasing function y = ax, for a > 1 and some 0 < α < ζ
such that x < xα < x0, because axaxα < axα ; and |ax− ax0 | = ax− ax0 > ε, by
monotonic decreasing function y = ax, for a < 1 and some 0 < α < ζ such that
x < xα < x0 < x, because axα < ax. Thus, a desired number is ȳ = ax0 − ε

2
(a possible, in general, case for a discontinuous monotone function when it is
continuous from the right and break from the left).

If xα′ > x0 and xα′′ < x0 for all α′, α′′ ∈ (0, ζ) such that {α′} and {α′′}
are co-final in (0, ζ), then for all x > x0 we obtain |ax − ax0 | = ax − ax0 > ε,
by monotonic increasing function y = ax, for a > 1 and some 0 < α′ < ζ such
that x0 < xα′ < x, because axα′ < ax; and |ax − ax0 | = ax0 − ax > ε, by
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monotonic decreasing function y = ax, for a < 1 and some 0 < α′′ < ζ such
that x0 < xα′′ < x, because axα′′ > ax. Thus, a desired number is ȳ = axo ± ε

2 ,
(a possible, in general, case for a discontinuous monotone function when it is
break from the right and break from the left).

In all cases the existence of ȳ contradicts to the fact that ȳ ∈ X̄2 since
ax0 ± ε = ax0 · (1± ε

ax0
) = ax0 · aloga(1± ε

ax0 ) = ax0+loga(1± ε
ax0 ) and, by Lemma

12, x̄ = x0 + loga(1 ± ε
ax0

) ∈ X̄1. Moreover, X̄1 and X̄2 are bijective and this
bijection if given by y = ax. Hence there is a number x̄ such that ax̄ = ȳ .
Contradiction.

Thus, y = ax is continuous and by strictly monotonity of it.
Absolutely analogously, y = loga x is a strictly monotone continuous function

in Rζ , where 1
+∞ζ

< a < +∞ζ and we omit this exposure.

10. Trigonometry in No and ζ-trigonometry in Rζ, ζ = ωω
µ

, 0 < µ < Ω

Conway defined trigonometry functions y = sinx and cosx for all numbers
x ∈ (−∞ω,+∞ω) by the following steps.

First, he used the following formulas for all infinitesimal − 1
+∞ω

δ < 1
+∞ω

sinx = x− x3

3!
+ ...+ (−1)n−1 x2n−1

(2n− 1)!
+ ... (43)

and

cosx = 1− x2

2!
+ ...+ (−1)n

x2n

2n!
+ ... (44)

Then for each infinitesimal δ formulars 44 and 44 one can define uniquely
numbers sin δ and cos δ), respectively. Really, if δ > 0, then

sin δ = δ − δ3

3! + ...+ δ2n−1

(2n−1)! + ... =

= {δ, δ − δ3

3! , ..., δ −
δ3

3! + ...+ (−1)n−1 δ2n−1

(2n−1)! , ... | 1,
1
2 , ...,

1
n , ...}.

(45)

If δ < 0, then

sin δ = δ − δ3

3! + ...+ δ2n−1

(2n−1)! + ... =

= {1, 1
2 , ...,

1
n , ... | δ, δ −

δ3

3! , ..., δ −
δ3

3! + ...+ (−1)n−1 δ2n−1

(2n−1)! , ...}.
(46)

Similarly, if δ is an arbitrary such that δ 6= 0, then

cos δ − 1 = − δ
2

2! + δ4

4! − ...+ (−1)n δ
2n

2n! + ... =

= {−1,− 1
2 , ...,−

1
n , ... | −

δ2

2! ,−
δ2

2! + δ4

4! , ...,−
δ2

2! + δ4

4! + ...+ (−1)n δ
2n

2n! , ...}.
(47)

A second step is the following. Since every number x ∈ (−∞ω,+∞ω) has a

form x = x′+δ, where x′ ∈ R, then sinx
def
= sin(x′+δ) = sinx′·cos δ+cosx′·sin δ

and cosx
def
= cos(x′ + δ) = cosx′ · cos δ + sinx′ · sin δ.

A third step is an extension of sinx, cosx and tanx from(−∞ω,+∞ω) to
(−∞ζ ,+∞ζ). For each x ∈ Rζ there is a decoposition x = x′ + x′′, where
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x′ is an initial ineger and x′′ is a finite number. Then we put sinx = sinx′′,
cosx = cosx′′ and tanx = tanx′′, respectively, if in latter case cosx′′ 6= 0.

We denine these trigonometry functions on Rζ , ζ = ωω
µ

, 0 < µ < Ω, as
sinx = {sinx} ∩ Rζ , sinx = {sinx} ∩ Rζ and sinx = {sinx} ∩ Rζ , where
{sinx}, {cosx} and {tanx} are already defined in No. It’s not so obvious that
sin(Rζ) ⊂ Rζ , sin(Rζ) ⊂ Rζ and sin(Rζ) ⊂ Rζ , respectively. But it is so if one
defines them in Rζ geometrically as functions of angles −360◦ ≤ θ ≤ 360◦ on the
ζ-circle Sζ(0, 0) with radius r > 0 and the center in the origin (0,0) as the set of
all points A(x, y) in Rζ ×Rζ satisfying the following equation: x2 + y2− r2 = 0
and replace the angles with radians=x, 0 ≤ x < 2π for sinx and cosx.

Consider now Cζ = {z | z = a + bi, a, b ∈ Rζ , i2 = −1} in Theorem 16
which is a closed field with the following operations:

z1 + z2 = (a1 + a2) + (b1 + b2)i, (48)

z1 · z2 = (a1a2 − b1b2) + (a1b2 + a2b1)i, (49)

z1

z2
=
a1 + b1i

a2 + b2i
=
a1a2 + b1b2
a2 + b2

+
a1b2 − a2b1
a2 + b2

i, (50)

where z2 6= 0.
The trigonometry form of z = a + bi is clear: z = r(cos θ + sin θi), where

r = |z| =
√
a2 + b2 > 0, θ ∈ [0, 2π), cos θ = a

r and sin θ = b
r . Then z1 · z2 =

r1r2(cos(θ1 + θ2) + sin(θ1 + θ2)i).

Let Sζ be the unit circle, i.e. Sζ
def
= {z| x ∈ Cζ , |z| = 1}. Then Sζ is a

multiplicative group (Sζ , ·).
Proposition 6. There is a continuous homomorphism ex : Rζ → Sζ of the

additive group (Rζ ,+) to the multiplicative group (Sζ , ·), given by the following
formula:

ex(x) = cos 2πx+ i sin 2πx, x ∈ Rζ . (51)

Proof. Let x, y be arbitrary numbers in Rζ . By formula (51) and formulas
cos(x + y) and sin(x + y) , we obtain ex(x + y) = cos 2π(x + y) + i sin 2π(x +
y) = (cos 2πx cos 2πy − sin 2πx sin 2πy) + i(sin 2πx cos 2πy + cos 2πx sin 2πy) =
(cos 2πx+ i sin 2πx) · (cos 2πy + i sin 2πy) = ex(x) · ex(y). Thus, ex is a homo-
morphism.

Since Rζ and Sζ are groups it is enough to verify the continuous of ex at
the point x = 0. We consider the topology on Sζ as the topology induced by
the topology of Cartesian product topology of Rζ on Cζ = Rζ × Rζ and the
topology on Rζ is a topology defined by the linear oder on it. Let U be any
neighborhood of the number 1 ∈ Sζ . Then there are neighborhoods, say (a, b),
a < x < b, of 1 and (c, d) of 0 in Rζ such that (a, b)× (c, d)∩S ⊂ U . Let A and
B are the intersection of Sζ and the boundary Fr([a, b]× [c, d]) of [a, b]× [c, d]
in Cζ , say A with negative ordinate and B with positive ordinate. And let a′ be
the length of an angle ∠AOC and b′ the length of an angle ∠BOC in radians,
where C(1, 0). Consider the following open neighborhood (−a′, b′) of 0 in Rζ .
Then for each x ∈ (−a′, b′) we have ex(x) ∈ U . Then for any neighborhood U
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of 1 ∈ Sζ we see that for V = (a, b) the inclusion ex(V ) ⊂ U fulfills. Thus, ϕ is
a continuous map at the point 0.

Another proof is to show that ex : Rζ → Sζ is a local homeomorphism.
Indeed, for each point x ∈ Rζ the restriction ex|(x− 1

2 ,x+ 1
2 ) is a homeomorphism

(x − 1
2 , x + 1

2 ) onto Sζ \ {ex(x)} because ex(x) = ex(y) iff x − y − tr(x − y) is
an integer in Z ⊂ Rζ , where tr(x − y) is a transfinite part of x − y. But each
local homeomorphism is a continuous mapping. �

Theorem 11. Every polynomial p(z) = zn+Azn−1 +Bzn−2 + ...+K, where
A,B, ...,K ∈ Cζ , has a root in Cζ .

Proof. Consider the case when K 6= 0, otherwise, the root z0 = 0. For
every p which has no root on Sζ ⊂ Cζ we define a map p̂ : Sζ → Uζ , where

Uζ
def
= {z | z ∈ Cζ & |z| = 1}, by the following formula:

p̂(z) =
p(z)

|p(z)|
, (52)

and prove Theorem 11 in two steps:
1). If p has no root z with |z| ≤ 1 then deg(p̂) = 0.
2). If p has no root z with |z| ≥ 1 then deg(p̂) = n.
For case 1). we consider the deformation p̂t : Uζ → Uζ given by

p̂t(z) =
p(tz)

|p(tz)|
. (53)

Clearly p̂1 = p̂ and p̂0 =constant which is equal 1 or −1, hence deg(p̂) = 0.
For case 2). we consider the deformation p̂t : Uζ → Uζ given by

p̂t(z) =
q(z, t)

|q(z, t))|
, (54)

where
q(z, t) = tnp(

z

t
) = zn + t(Azn−1 + tBzn−2 + ...+ tn−1K). (55)

The right side of (55) shows that q(z, t) is continuous (even when t = 0). Cleraly
p̂1 = p̂ and p̂0 = zn, hence, deg(p̂) =deg(p̂0) = n, what is in contradiction with
case 1). where deg(p̂) = 0. This contradiction can be removed only when there
is z0 ∈ Cζ such that p(z0) = 0, i.e., p(z) has a root, and the above deformation
in case 1). is impossible.

By deg(p̂), i.e., degree of a map, we understand the following. Consider a
continuous map s : [0, 1] → Uζ such that given by formula s(t) = cos(2πt) +
i sin(2πt). Then for composition p̂ ◦ s there exists a continuous mapping τ :
[0, 1]→ R′′ζ such that ex ◦ τ = p̂ ◦ s. Indeed, τ is given by the following formula:

τ(0) = exp(x0), τ(t) = 1
2πi ln(p̂(s(t))), t ∈ [0, 1], where x0 is any element in

R′′ζ such that ex(x0) = p̂(s(0)). Now we define a degree deg(p̂) as an integer
τ(1)− τ(0). This deg(p̂) is homotopy invariant. We omit details.

11. Appendix and last remarks: ¬∃X(∀x)(x ∈ X) vs ∃X¬{X}
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Finally we consider a linear ordering topology on No and elucidate what
transfinite Ω-fundamental sequences of numbers in No can be called convergent
and what transfinite Ω-fundamental sequences of numbers in No can be called
non-convergent in this ordering topology on No.

Definition 19. A mapping x : (0, λ)→ No is called a transfinite sequence of
a type λ of Conway’s numbers in No, or λ-transfinite sequence in No, or shortly
a λ-sequence in No, when λ is a limit ordinal number such that ω ≤ λ ≤ Ω. We
denote it as above by (xα)0<α<λ.

Definition 20. We say that Ω-sequence (xα)0<α<Ω in No, converges to
a ∈ No, and we write lim

0<α<Ω
xα = a, if for each positive number ε ∈ No there

is an ordinal number α0 ∈ (0,Ω) such that |xα − a| < ε for all α0 ≤ α < Ω.
In this case we also say that Ω-sequence (xα)0<α<Ω is convergent in No. If

lim
0<α<Ω

xα = 0, then (xα)0<α<Ω is called an Ω-infinitesimal infinite sequence in

No, or shortly an Ω-infinitesimal in No.
Definition 21. An Ω-sequence (xα)0<α<Ω in No, is called fundamental or

a Cauchy Ω-sequence, if for each positive number ε ∈ No there is an ordinal
number α0 such that |xα − xα′ | < ε, for all α0 ≤ α ≤ α′ < Ω.

Definition 22. Two Ω-fundamental sequences (xα)0<α<Ω and (yα)0<α<Ω in
No are Ω-equivalent, denoted by as (xα)0<α<Ω ∼ (yα)0<α<Ω, if for each positive
number ε ∈ No there are ordinal numbers α0 and α′0 such that |xα − yα′ | < ε,
for all α0 ≤ α < Ω and all α′0 ≤ α′ < Ω.

One can see that if lim
0<α<Ω

xα = a and lim
0<α<Ω

yα = b, then lim
0<α<Ω

(xα + yα) =

a+ b, lim
0<α<Ω

xα · yα = a · b and lim
0<α<Ω

xα
yα

= a
b (latter when b 6= 0).

Recall here the definition of a Dedekind section (L,R), induced by an Ω-
fundamental sequence (xα)0<α<Ω. We put L as the subset of No of all l ∈ No
such that there exists an α0 and inequalities l < xα for all α0 ≤ α < Ω and put
R = No \ L.

By the above experience, we can denote No as OΩ = RΩ = PΩ and consider
only Ω-sequences (xα)0≤α<Ω in PΩ and try to conceive what P̃Ω could be.

If Ω-fundamental sequences (xα)0<α<Ω in PΩ is non-convergent and (L,R)
is a Dedekind section in PΩ, induced by (xα)0<α<Ω, then we cannot consider
a mathematical object like RΩ as a completion of PΩ in the given Ω-topology
one of its elements is (L,R), because Dedekind sections in PΩ, induced by all
Ω-fundamental sequences (xα)0<α<Ω as well as (L,R) itself, are illegal in a
von Neumann-Bernays-Gödel-type set theory NBG and thus (L,R) ∈ RΩ is
not well-formed formula in NBG since these sections are proper classes and
thus they are not elements of any sets or classes. In particular, there is no
object {(L,R)} in NBG or what is the same ∃X¬{X}. On the other hand,
∃X(∀x)(M(x))(x ∈ X) is a true formular.

But, nevertheless, there are operations in NBG like X ∪ Y , X ∩ Y , X \ Y
etc., which are legal in NBG because they are defined only by elements of X
and Y . Thus we can define a sum, product and quotient of two Ω-fundamental
sequences (xα)0<α<Ω and (yα)0<α<Ω in PΩ as (xα + yα)0<α<Ω, (xα · yα)0<α<Ω

and (xαyα )0<α<Ω (latter when (yα)0<α<Ω is not a Ω-infinite small sequence), re-

34



spectively, which are also Ω-fundamental. Moreover, these proper classes (i.e.,
Ω-sequences themselves and induced by them Dedekind sections in PΩ, or even
lower classes L as well as upper classes R of sections (L,R)) are gaps of the
first kind in the sense of Conway [4], p. 37-38 and thus we have defined the
operations +, · and / on these gaps, which do not depend on a choice of equiva-
lent classes of Ω-equivalent Ω-sequences, and thus these gaps can be understood
somehow or other as new numbers in spite of the fact that they are inhibited
in NBG and they together with PΩ, whose elements (numbers) can be identi-
fied with Dedekind sections in PΩ with extreme numbers, form a linear ordered
Field. One can see that if a Dedekind section (L,R), induced by Ω-fundamental
Ω-sequence (xα)0<α<Ω, has extremal elements, i.e., the greatest number in L or
the smallest number in R, then these Dedekind sections define Conway numbers
which are these extremal elements and operations on them (sums, products and
quotients) of Ω-fundamental Ω-sequences coincide with corresponding opera-
tions of Conway numbers. Thus such sections are forms of all Conway numbers
and sections which, induced by an Ω-fundamental Ω-sequence (xα)0<α<Ω, have
no extremal elements are forms of new numbers which are out of No. Note that
the collection of all these gaps (numbers) is even improper class (which together
with PΩ should be RΩ) and thus beyond the border of the University of all sets
in NBG. Notice also that the gaps of the second kind are also numbers but we
cannot define operations by means of elements or subclasses of PΩ. But it is
possible by the following considerations.

One can consider more wide formal set theories which allows proper classes
be elements of super classes (see [8], p. 119-153), then RΩ is a legal object in
such theories and it is a topological field (in Ω-topology) and we can extend

it to Rζ , for ζ = ωω
Ω+1

, which contains all gaps of No including the gaps of
the second kind in the sense of Conway. Thus, considering the above cases, the
formula ¬∃X(∀x)(∈ X) is true, in general.

If we recall Cantor’s definition of the first derivative set P ′ of a fixed P as
the set of all its limiting points, then further derivatives of this set may in some
cases either end in an empty set, or become a perfect set whose derivative set
coincides with it. In the first case, the sequence of derived sets determines the
ordinal number α when the (α+ 1)-derivative Pα+1 is equal to the empty set.

In our case No = PΩ with Ω-topology we can construct an example of a

proper class P =
⋃

0≤α<Ω

Pα ⊂ [0, 1] ⊂ No such that P
(α)
α = 1

α+1 , 0 < α < Ω, and

P (0) = P and P (Ω) = {0} with the following order P (α) ⊃ P (α+1) ⇔ α < α+ 1,
0 ≤ α ≤ Ω. Thus proper classes P (α) ⊂ No, 0 ≤ α < Ω, and the set {0}
determine all ordinal numbers including Ω.

Here is a construction of this example P .
Put Q0 = {0}; put P0 = Q0; clearly P ′0 = {0}′ = ∅ thus P0 presents the

ordinal 0.
Put Q1 = (Q0 + {0, 1, 1

2 ,
1
3 , ...,

1
α , ...}0<α<Ω) ∩ [0, 1]; put P1 = Q1 ∩ [ 1

2 , 1];
clearly (P ′1)′ = { 1

2}
′ = ∅ thus P1 presents the orninal 1.

Put Q2 = (Q1 + {0, 1, 1
2 ,

1
3 , ...,

1
α , ...}0<α<Ω) ∩ [0, 1

2 ]; put P2 = Q2 ∩ [ 1
3 ,

1
2 ];
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clearly (P ′′2 )′ = { 1
3}
′ = ∅ thus P2 presents the ordinal 2.

Put Q3 = (Q2 + {0, 1, 1
2 ,

1
3 , ...,

1
α , ...}0<α<Ω) ∩ [0, 1

3 ]; put P3 = Q3 ∩ [ 1
4 ,

1
3 ];

clearly (P ′′′3 )′ = { 1
4}
′ = ∅ thus P3 presents the ordinal 3.

.............................
Put Qn = (Qn−1 + {0, 1, 1

2 ,
1
3 , ...,

1
α , ...}0<α<Ω) ∩ [0, 1

n ]; put Pn = Qn ∩
[ 1
n+1 ,

1
n ]; clearly (P

(n)
n )′ = { 1

n}
′ = ∅ thus Pn presents the orninal n.

.............................
Put Qω = (

⋃
0≤n<ω

Qn) ∩
⋂

0≤n<ω
[0, 1

n ]; put Pω = Qω ∩
⋂

0≤n<ω
[ 1
ω ,

1
n ]; clearly

(Pωω )′ = { 1
ω}
′ = ∅ thus Pω presents the orninal ω.

Put Qω+1 = Qω + {0, 1, 1
2 ,

1
3 , ...,

1
α , ...}0<α<Ω) ∩ [0, 1

ω ]; put Pω+1 = Qω ∩
[ 1
ω+1 ,

1
ω ]; clearly (P

(ω+1)
ω+1 )′ = { 1

ω+1}
′ = ∅ thus Pω+1 presents the ordinal ω + 1.

.............................
Put Qβ = (

⋃
0≤α<β

Qα) ∩
⋂

0<α<β

[0, 1
α ]; put Pβ = Qβ ∩

⋂
0<α<β

[ 1
β ,

1
α ] (Here β is

a limit ordinal.); clearly (P ββ )′ = { 1
β }
′ = ∅ thus Pβ presents the ordinal β.

.............................
Put Qγ = Qγ−1 + {0, 1, 1

2 ,
1
3 , ...,

1
α , ...}0<α<Ω) ∩ [0, 1

γ ]. (Here γ is not a limit

ordinal.); put Pγ = Qγ ∩ [ 1
γ+1 ,

1
γ ]; clearly (P

(γ1)
γ1 )′ = { 1

frac1γ }
′ = ∅ thus Pγ

presents the ordinal γ.
.............................
P = (

⋃
0≤α<Ω

Pα); clearly (P (Ω))′ = {0}′ = ∅ thus P presents the ordinal Ω.

Notice, first, that by a sum of of two classes S and T we understand S+T
def
=

{s + t | s ∈ S& t ∈ T} and, second, U = P + Q1 has the following property:
U (Ω) = Q1 and thus (U (Ω))′′ = (P1)′′ = {0}′ = ∅. Consequently the class U and
all its limit points determine an ordinal number Ω + 1 and such similar process
has no boundary.

We are going to explain this state of affairs.
In spite of the fact that the formal logical system NBG is convenient in many

cases (e.g., Conway theory of numbers and games, as well as Category Theory
and many other mathematical theories and constructions) by the finiteness of
its axioms, by existence of universal objects (proper classes) identified with
“properties“ or “singular proposition functions“, etc., there is a lack in it which,
by thought of P. J. Cohen, the “theory NBG is a less intuitive system than
ZF“([3], Cpt. 3, §5). Indeed, such formal systems are very formal and they
were inputed to avoid so-called set-theoretic paradoxes of Russell’s type. Often
these “tricks“ (proofs by contradiction via paradoxes) were out of contents and
concepts of mathematical notions and definitions like “reflexive sets“, “universal
objects“, “premises of false propositions“, “undetectable objects“, etc.

The only correct and meaningful conclusion from Russell’s paradox is the
following: “Any family of non-reflexive elements is always non-reflexive and is
not contained in the original family“. As a consequence of it is the following:
“There is no universal families like all sets, all ordinals, all groups, all rings, all
fields, etc.“.
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An attempt to restrict some families (such as proper classes) to be members
of other families is formal and contradicts with the first statement. For example,
the first axiom of the existence of classes in the NBG theory is the following:

∃X∀u∀v(< u, v >∈ X)⇔ u ∈ v, (56)

where < u, v >= {{u}, {u, v}} is a Kuratowski ordered pair, exactly repeats
Russell’s paradox because < X, {X} >= {{X}, {X, {X}}} is a pair < u, v >,
where u = X, v = {X} such that < u, v >/∈ X. But Axiom (56) requires a
relation < u, v >∈ X what is evidently false when NBG has a Regular axiom.

The authors of the monograph [2], p. 59, cite the following formal theorem
of first-order logic:

¬∃x∀y[yEx⇔ ¬(yEy)] (57)

without any assumptions about the notion of set, other than that the displayed
predicate determines a unique set, independent of what E happens to mean. The
authors of the mention monograph mean of course the substitution rule: if under
the assumption that such a set x exists, i.e. the formula (∃x∀y[yEx⇔ ¬(yEy)])
is true, where y is a variable and x is a constant of above propositional form
(yEx ⇔ ¬(yEy)), then we substitute x instead of y into it and obtain the
paradoxical formula

xEx⇔ ¬(xEx) (58)

which implies, by formal methods, that there is no such x or in NBG theory a
premise that x is a set, i.e., M(x), by the logical rule B ⇒ A&¬A⇒ ¬B, obtain
that ¬M(x), i.e., x is a proper class. Due to a contradiction it is easily to deduce
(see this conclusion in detail in [7], Chapter III, §1, p. 173) that there is no such

set, i.e., x does not exist. In particular, if the Russell class R
def
= {z | z /∈ z} is

understood as x, and the membership relation ∈ is understood as E, then the
assumption (∃R∀y[yER ⇔ ¬(yEy)]) implies (R ∈ R ⇔ ¬(R ∈ R)), and thus
the Russell’s paradox is obtained.

(Note that if the same Russell class R is understood as x, and the non-
affiliation relation /∈ is understood as E, then the assumption (∃R∀y[y /∈ R ⇔
(y ∈ y)]) implies formally the same Russell’s paradox R /∈ R ⇔ ¬(R /∈ R)) =
R ∈ R is obtained, although, as we will see below, there is a qualitative difference
between them.)

A formal axiomatic method is very important in modern mathematics es-
pecially in its foundation. “It is also important that a proof satisfying our
strictness condition should remain valid for any interpretation of the logistics
system, so that we ultimately get savings due to the fact that various things are
proved by a single reasoning. The amount of savings is determined by the fact
that there is no need to repeat an indefinite number of times proofs that coin-
cide in form but differ in content, so how can they be held all at once once and
for all“ (see [5]). But often these advantages can also become a disadvantage
due to its formality. We can illustrate this with the following specific examples.

Let E in (57) be a predicate <Card, i.e., an inequality of cardinality (power)

of sets: y <Card x
def⇔ Card(y) < Card(x), where Card(x) is a cardinal number

corresponding to the cardinality (power) of a set x.
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Then (57) turns to the following formula

¬∃x∀y[y <Card x⇔ ¬(y <Card y)] (59)

what is the same as

¬∃x∀y[y <Card x⇔ (Card(y) ≥ Card(y))]. (60)

Suppose now inverse that the formula ∃x∀y[y <Card x⇔ (Card(y) ≥ Card(y))]
is true. Then the propositional form [y <Card x ⇔ (Card(y) ≥ Card(y))] has
a region the class of all sets since the relation (Card(y) ≥ Card(y)) fulfils for
every set y, in particular, for a supposed set x, and thus, by the substitution
rule, we can substitute x instead of y and obtain a paradoxical formula x <Card
x⇔ x ≥Card x what of NBG as above proves that x is not a set but a proper
class. Moreover, in NBG it is a true conclusion since for any set y and the
universal proper class x of all sets, which exists by axioms in NBG, we obtain
a true formula Card(y) < Card(x).

But everything is not so simple in the case when we consider a predicate

>Card, where y >Card x
def⇔ Card(y) > Card(x), and suppose that such x

exists. Then the propositional form [y >Card x ⇔ (Card(y) ≤ Card(y))] has
a region the class of all sets since the relation (Card(y) ≤ Card(y)) fulfills for
every set y. After this, the similar paradoxical formula x >Card x⇔ x ≤Card x
implies that in NBG x is not only a set but it is not also a proper class because
for supposed x the true formula is the following: ∀y(Card(y) > Card(x)). Thus,
such x does not exist in NBG even for the theory with individuals for which
such notion exists, i.e., an individual Ur(x) = ¬Cls(x) is not a class at all.

If we consider E as ≤Card or ≥Card, then the corresponding propositional
forms [y ≤Card x ⇔ (Card(y) > Card(y))] and [y ≥Card x ⇔ (Card(y) <
Card(y))] with a variable y and a constant x have empty regions. Thus, in
these cases the substitution rule does not work at all.

All these arguments can be repeated in the cases when E = (∼) or E =
(¬ ∼), in particular E = (=) or E = (6=), as well as E = (⊂) or E = (¬ ⊂),
E = (⊃) or E = (¬ ⊃) .

Now we will consider another aspect of the unsatisfactoriness of the formal
method.

Let us consider so-called a relative Russell’s paradox for any fixed set or

class X. Denote RX
def
= {x ∈ X |x /∈ x} and the following formal theorem

of first-order logic: Rx /∈ X, which can be proved by contradiction with a
help of Russell’s paradox. Indeed, suppose that RX ∈ X. Since x ∈ RX ⇔
x ∈ X &x /∈ x we substitute RX instead of x in above formula and obtain
RX ∈ RX ⇔ RX /∈ RX . Contradiction. Thus our assumption is false.

It is easy to see the redundancy of the above formal proof that RX /∈ X if
we consider a trivial case when X = ∅. In this case the above theorem is the
following: R∅ /∈ ∅. Indeed, truth of this theorem is evident by the definition
of the empty set. Nevertheless, following the ideology of formal systems and
formal methods to give one proof for all possible cases in one step, we repeat
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it with a help of Russell’s paradox. Suppose the opposite R∅ ∈ ∅. Then, by
definitions R∅ ∈ ∅ ⇔ R∅ /∈ ∅, or more simple, if we suppose that ∅ ∈ ∅, then, by
Russell’s paradox, obtain ∅ ∈ ∅ ⇔ ∅ /∈ ∅. Contradiction. Thus ∅ /∈ ∅. Note here
that all proofs with a help of Russell’s paradox have the same intension, e.g.,
when NBG or ZF include Regular axiom and X is always founded and thus
there is no formulas X ∈ X in NBG or ZF and thus RX ∈ RX ⇒ RX /∈ RX
is a true implication; on the other hand, RX /∈ RX ⇒ RX ∈ RX is always false
because of Regular axiom as well as the nature of reflective sets and at last in
the initial Russell’s paradox because of false premise of an existence of universal
set (class or family).

As we noted above if the Russell class R is understood as x, and the non-
affiliation relation /∈ is understood as E, then the assumption (∃R∀y[y /∈ R ⇔
(y ∈ y)]) implies formally the same Russell’s paradox R /∈ R ⇔ ¬(R /∈ R)) =
R ∈ R is obtained, although, if we consider NBG or ZF formal theories with
the Regular Axiom, then the propositional form [y /∈ R ⇔ (y ∈ y)] with a
variable y has an empty region and thus the formula y ∈ y has no denotate and
there is no possibility to substitute x instead of y in y ∈ y.

However, one can easily pass over Russell’s paradox in the following way
(see also [10] and [11]). RX /∈ RX because all elements of RX are non-reflexive
sets. Thus if RX ∈ X, then RX ∪ {RX} ⊆ X and RX ⊂ RX ∪ {RX} what
contradicts with maximality of RX . Thus RX /∈ X. Notice that {RX} always
exists either it is a set or a proper class. Only fictitious formal Russell’s paradox
deducts that proper class is not an element. But it is very artificial to identify
“property“ with a “proper class“. The model of NBG as the existence of an
inaccessible cardinal number contradicts with it since there is a one-element set
with this inaccessible cardinal number.

Moreover, this circumvention of the Russell’s paradox makes it possible to
prove propositions, which are impossible by formal methods. Indeed, denote by
S = {z | z ∈ z} the collection of all reflexive sets in NBG. Then in NBG the
following Proposition is true: (¬∃x∀y[y ∈ x⇔ (y ∈ y)]) and hence x is not a set
but a proper class. The proof by the above formal method is useless because,
by opposite and subsistence rule, we obtain a tautology x ∈ x⇔ x ∈ x.

But by an assumption that such set S exists we consider a reflexive set S′

such that S′ \ {S′} = S, i.e., S′ = S ∪ {S′} (see, e.g., in [10]), and prove that
S′ /∈ S. Really, for each element z ∈ S the set z \ {z} does not have z as its
element. But z is an element of S′. Consequently, S ⊂ S ∪ {S′}, i.e., S is a
proper subset of S ∪ {S′} what contradicts with maximality of S. Thus S is a
proper class and there is no a singleton {S}. Note of course that we mentioned
here a theory of reflexive sets (see, e.g., [10]) for which an equality z = S′ of
two reflexive sets z and S′ implies the identity of z \ {z} = S′ \ {S′}. If it is not
so (see, e.g., [1]), then one must give another proof that S is a proper class.

So, choosing the axiom of the existence of a singleton set {X} and getting
the result of the non-existence of a universal class V for sets is preferable from
the point of view of the state of affairs or subsistence than postulating the axiom
∀XPr(X)¬{X} of denying the existence of a singleton set {X} for one’s own
classes and getting a universal class V with questionable “geography“. Conway
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expressed his attitude to this very problem by the following deep intuition:
“This appendix is in fact a cry for a Mathematicians’ Liberation Movement!
(i) Objects may be created from earlier objects in any reasonably construc-

tive fashion.
(ii) Equality among the created objects can be desired equivalence relation“.

(See [4], p. 66.)
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