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Abstract

The proper Class No of all Conway’s numbers [4] is considered as a
region of investigation. It turns out to be a total ordered Field (i.e., a
field whose domain is a proper Class) and this totally, or linear ordered
Class, containing the real numbers R and the ordinal numbers On.

For any subfield F' of No, i.e., F' is a set nor proper class, considered
with topology induced by a linear ordering on F' a completion F is con-
structed; in particular, for { = w“’“, 0 < p < €, and for a specially defined
subfield F = P, C No a complete subfield R; C No is defined as Pe.

Fundamental (Cauchy) sequences (Za)o<a<¢ are considered in a sub-
field F C P¢ C No, where (¢ is the smallest ordinal number which does
not belong to F', and they are the main instrument in the paper.

A fragment of Mathematical Analysis in R¢ is given and two of its non-
trivial results are presented: every positive number = € R¢ has a unique n-
th root in R¢, for each positive integer n and every odd-degree polynomial
with coefficients in R¢ has a root in R¢. Hence so-called fundamental

theorem of algebra: the ring R¢[i] = C¢ of all numbers of the form x +1iy
(z,y € Re), i* = —1, is an algebraically closed field.

Trigonometry functions sin z, cos x and tan = are defined in R¢ and
a proof of the fundamental theorem of algebra in C¢ is given.

Conway’s problem of a natural definition of a function y = a” for all
numbers £ € No and for positive finite numbers a and even for some
infinite numbers a are solved. The corresponding inverse function y =
log, « are also constructed, which turns out to be continuous in topology
of R¢. In Appendix a problem of Foundation of Set Theory is considered.

1. Necessary knowledge from Conway’s numbers theory
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For definiteness we shall work through the paper inside a von Neumann-
Bernays-Godel-type set theory (NBG for short).

We begin with the best description of numbers great and small containing
all real numbers R and all ordinal numbers ON as well as other magnutudes like
w—-1,%, Vw, Jw, .. ws, w2, ete., great numbers and ﬁ, ﬁ, w Ve W,
etc., small numbers, which was inductively given by Conway in [4] (1979).

Conway’s construction of numbers was a modification of two well-known
ideas.

One of them was the Mirimanoff’s representation [12] (1917), later in 1923
repeated by von Neumann [13], of the ordinal numbers: 0 = {}, 1 = {{}} = {0},
2={3 {0 =1{0.{0}}, 3 ={{}, {3 {0 {31 =1{0,1,{0,1}} = {0, 1,2},
wow=490,1,2,...n,...}, w+1={0,1,2,...,n,...,w}, ... and so on.

Another one was the construction of real numbers R [6] (1888) via Dedekind
sections {A| B} of rational numbers Q, i.e.,, £ = {A| B} € R if and only if A
and B are non-empty sets of rationals such that Q = AU B, AN B = (), A has
no greatest number, and for every a € A and b € B one has a < b.

Conway’s definition of a number is the following.

If L and R are any two sets of numbers, and no member of L is > any
member of R, then there is a number {L | R}.

If + = {L|R} is a number, then, for short, z = {z¥| 2%}, where 2 is a
typical member of L and xf is a typical member of R, ie., L = {zX} and
R = {2} are sets.

Further,

x >y iff (no 2 <y and 2 < no y*);

z <y iff y > x; as well as

x=yiff (r >y and y > x);

x>y iff (x >y and y 2 x);

r<yiffy > x.

Different representations {L'| R’} and {L| R} can define the same number;
that is why one must distinguish between the form {L | R} of a number and the
number itself. Conway called L the lower class and R the upper class of number
z ={L|R}.

Operations +, - and / on all Conway’s numbers z,y € No are the following:

ety ={a" +y eyt ety a+y"), (1)
—z = {-a"| -2t} (2)
vy = {zlytayt—aty" oty tay oty |2ty ray oty " oty rayt oyt
and when = > 0 the inverse to it, xy = 1, is given by the following formula: g
L+ (2f —2)yl 14+ (2F —2)yf 1+ (2F —2)yl 1+ (28 —2)yf
y =10, R ; oL | oL ’ R 12

(4)

The formula (4) is an inductive definition of an inverse number y = {y% | y?}

to the number x = {zl | 2%}, where naturally = # 0 and z is positive number;
when z < 0, then y = —y/, where 3’ is the inverse to the number —z.



No is a Field. Note also that for z € No its absolute value, denoted by |z|,
is equal to x if x > 0, and is equal to —z if < 0, and is equal to 0 if x = 0.

Theorem 1. If x >y and y > z, then x > z.

Theorem 2. For any number x one has x < x < x® for all z¥, x®. Also,
for two numbers x and y one must have x <y or x > y.

So, the totally ordered proper Class No of all numbers is the following:

0={]|} (born on day 0),

1={0]}and -1 ={|0} (born on day 1),

2:{071|}7i_{0|1} 7_{ 1|0} —2—{\—1,0,}(b0rnonday2)7
w=10,1,2,3,...1}, 7, e, V2, 1+f L1/3={0,1, 5,135,283
1Jw={0]1,%,%, 5 -} —o.)—{|0 3, .} (born on day w),

w+1=1{0,1,2,3,..w|}, w— l—{0,1,2,37...|w}, V2+i o Ve-1 w1
(born on day w + 1),

w2 =1{0,1,2,3,..w,w+ 1,. |}f_{0123 Jw,w-—lw-2,.} 2 =
{1|172747 }a Qwi{o‘l}a {Olw’2w’4w’ }a~"7W2:{|03717723:
3,..=w,=w—1,...} (born on day w2), ... and so on.

More precisely, for each ordinal number @ € On Conway defined a set M,
of numbers by setting x = {z% | 2T} in M,, if all the ¥ and z are in the union

of all the Ms for 8 < . Then he putted O, = |J Mz and N, = M, \ Oq.
B<a
Then in the terminology of numbers’ birth to which he adhered:

M, is the set of numbers born on or before o (Made numbers),

N, is the set of numbers born first on day a (New numbers), and

O, is the set of numbers born before day o (Old numbers).

Each © € N, defines a Dedekind section {L|R} of O,, if one sets L =
{y €04 :y <z}and R={y € Oy : y > x}, then x = {L|R}. Moreover,
M, = O, U N, as the union of O, together with all its sections, in the natural
order. Notice also that for each number x € M, there are inequalities inequality
—a < z < « and only two numbers —a and « in M, have forms {|O,} and
{O4 | }, respectively, which dropped the Dedekind restriction on sets L and R
to be nonempty.

Every number z is in a unique set N, (see [4] p. 30). Taking into account
the above decription, we call a birthday form {zl | 2%} of z when the birthdays
of all z¥, z® are less than .

Definition 1. Two positive Conway’s numbers x and y are commensurate
if for some positive integer n we have x < ny, y < nz; a number x € No is
small compared to y € No if —y < nx < y for all integer n; a number x € No
is great compared to y € No if y is small compared to x.

To be commensurate with is evidently an equivalence relation whose equiv-
alent Classes are conver, i.e., if x < z < y and = and y are commensurate,
then z is commensurate with both. Thus, there is a unique simplest number in
each commensurate Class, i.e., it is the simplest number among others which
commensurate with x or, what is the same, the birthday of it precedes the birth-
days of others numbers in its equivalent Class, and such numbers Conway called



leaders. They are powers w® for some numbers = € No, i.e., w to the power of
x, and are given formally by the following formula:

w® = {O,Tme |1"(,ug”R}7 (5)

where x = {z%|zf} and r denotes a variable ranging over all positive real
numbers.

Theorem 3. Each positive number x € No is commensurate with some w,
y € No

Conway proved (Theorem 21 in [4], p. 33) that each number = € No defines

a unique expression
x = E wYrg, (6)
0<B<a

in which « denotes some ordinal, the numbers 75 (0 < 5 < «) are non-zero reals,
and the numbers yg form a descending sequence of numbers. Moreover, normal
forms for distinct y are distinct, and every form satisfying these conditions
occurs.

Theorem 4. FEvery positive number x in No has a unique positive nth root
in No, for each positive integer n.

Theorem 5. Every odd-degree polynomial f(x) = z™ + Az" ! + Ba"=2 +
.. + K with coefficients A, B, ..., K in No has a root in No.

Proofs of these theorems see in [4], p. 31-33, 40-41.

2. Definition of a (-Archimedean subfield P: of No

Let On denote by [0,1), where Q@ = {No|} is a gap (see below) in No.
Later in this article we will deal with ordinals of the following type: ¢ = w*",
where 0 < p < Q, is ¢ is the main ordinal number in the sense of Jacobstahl [9].

Let P: be a localization in zero of the ring R¢ of all Conway’s numbers
generated by the set O C No of all Conway’s numbers born before day (. It is
known that R¢ is the intersection of all subrings of No containing O, or what is
the same each element of R¢ is a linear combination with integer coefficients in
7 = 7, of finite products of powers of elements in O with natural exponents.

One can see that R¢ is a ring without zero divisors and hence Pr = § *IRC,
where S = R¢ \ {0}, is actually a field. In fact it is a topological field whose
base B of topology is the set of all intervals (a,b) CPe, —¢( <a <b<(.

Definition 2. A subfield F' of No is called a (-field, if it contains all numbers
of [0,¢) and does not contain ordinals o’ € [(, ).

Definition 3. A field F' C No is called (-Archimedean if it satisfies the
following (-Archimedean property: for each pair of its positive numbers x,y
there exists an ordinal number « € [0, () such that o -z > y.

Proposition 1. For any pair of numbers x,y > 0 in a (-field F' such that
x < y there exists an ordinal number a € [0,() such that -« > y and thus,
every (-field F is (-Archimedian.

Proof. Let z,y be any positive numbers in a (-field I’ such that z < y. By
Definition 2, [0, ¢) is co-final in F' and thus, for each number a € F', there exists



an ordinal v < ¢ such that a < . In particular, for numbers %, y € F there are
ordinal numbers 7' and 7" such that v/ > 1 and 4" > y. Consequently, there
is an ordinal number § such that % < B and y < B. Indeed, g = max{+',~"}.
Put o = 2. Since % <:cweobtainx-oz:oz~x>a-%252-%:6>y. d
Corollary 1. The field P¢ is a (-field and hence satisfies the (-Archimedean
property.
Proof. We see that ¢ ¢ O¢, ¢ ¢ P and ¢ ¢ Pc. Otherwise, + is also in P¢

ans well as all nubers 1 — % € P¢ with . lim (2 -1)= % Contradicition with
<o

<> ¢
0< % < é, 0 < a < (. Clearly, that ( is the smalles ordial such that it not in
P¢. Otherwise, if (" ¢ P¢ and ¢’ < ¢, then ¢’ € O¢ C P¢. Contradiction.

Now it is enough to prove that |J {a} is co-final in Pe.

0<a<(

If y is a positive number in R C P, then as we have already noticed
y a linear combination with integer coefficients in Z = Z, of finite products
of powers of elements in O with natural exponents. Consequently, each i-
summand of this combination is < than some ordinal number «; < (, 1 <7 <
n, because ( is the main ordinal number in the sense of Jacobstahl and for
a = max{w; }1<i<n We obtain y < o and « € [0, ().

At last, let y be a positive number in P¢ \ R¢. Then y = [%], where u, z are
positive numbers in R¢. One can easily see that z > 1. If it is not so, then we
can find an ordinal number o’ < ¢ such that z - @’ > 1 because we can prove

’
u-x

it like in the proof of Proposition 1, i.e., for numbers 2,1 € R¢, and take 25

which represents the number y = [%] because evidently [4] = [Zg‘,,]

As above, ¥ = *t¢ > Y and hence v -z =z -v=x-(2-2)=(z-%) -2 >
(x-2)1l=x-2=z-2>0-%=y.

Thus, P¢ is a (-field and, by Proposition 1, satisfied the ¢-Archimedean
property. [

Corollary 2. If a subfield F' of No is a subset of M¢, where ¢ is the
smallest ordinal which is not in F, then F is a (-field and hence satisfies the
(-Archimedean property.

Proof. It is enough to show that [0, () is co-final in F.

First of all, & < ¢ implies o € F because ( is the smallest ordinal which is
not in F'.

Let x be an arbitrary positive number of F. If x is a number born on day
a < (, then it is obvious that z < « and thus, z < a+ 1 < ¢ because ( is a
limit ordinal.

If 2 is a number born on day (, then there is an ordinal number a € [0, ()
such that x < a. Otherwise, there should be the following inequality a < z, or
more precisely, o < z, for all ® € N¢. Note that z is not an ordinal number,
say «g because [0, () has no maximal element.

Then # = {L|R}, where L C O, and R C O¢, and (L, R) is a Dedekind
section on O¢ we conclude that R # () (z is not an ordinal) and there is a
number 2’ € R such that 2’ was born on or before some ordinal ay < (. We
have already noticed that each number a2’ born on or before day «y there is
an inequality ' < a3. Hence z < 2’ < a1 < ¢ what is in contradiction with




inequalities a < z, for all 0 < a < (. O

3. Convergence of (-infinite sequences and functions defined on
subsets of (-fields F' of numbers in No

Definition 4. For a fixed subfield F' of numbers in No, which is a {-field, a
mapping z : (0,¢) — F is called a infinite sequence of type ¢ of Conway’s num-
bers in F', or (-infinite sequence in F', or shortly a (-sequence in F'. The range
of x is the set {x(1),z(2),...,z(a), ...}, conveniently written {z1,z2,...,Zq,...}
or simply x1,%32,...,Za,... , Where z, = x(a), 0 < @ < (, or even shorter
(Ta)o<a<c. The elements of the range are called terms.

Definition 5. We say that (-sequence (24 )o<a<¢ in a (-field F' of numbers
in No converges to a € F, and we write Oiiorgc To = a, if for each positive

number ¢ € F' there is an ordinal number aq € (0, () such that |z, —a| < € for
all ap < o < ¢. In this case we also say that (-sequence (2 )o<a<c is convergent
in F.

Definition 6. A (-sequence is almost-stationary, almost-positive and almost-
negative, almost-stationary, strictly increasing and strictly decreasing if for some
a € F there exists an ordinal number 0 < ap < ¢ such that z, = z, = a,
To >0, 7o <0, 24 < Ty and x4 > x4y for all ag < a < o’ < ¢, respectively.

Definition 7. A (-sequence (2,)o<a<¢ in a (-field F is caled a (-infinitely

small sequence if lim =z, = 0.
0<a<(

Definition 8. A (-sequence (2,)o<a<¢ in a (-field F is caled a (-infinitely
great sequence if for each positive number F € F' there is an ordinal number
ag € (0,¢) such that |zo| > E for all ap < a < ¢. If it is almost positive or

almost negative, then we will conditionally denote this by o lim ) ZTo = +00¢ and
<a<

lim x, = —o0¢, respectively.
0<a<(

Remark 1. Notice that +o0os and —oo¢, ¢ = w0 < p < 9, are not
numbers but formal boundary symbols, i.e., there is no algebraic operations +
and - on them, but formally we can write and understand inequalities z < +o0o¢,
' > 4ooc or x > —oo¢, & < —oo¢, for some (not all) Conway’s numbers
x,2’ € No. Nevertheless, such symbols are very useful and convenient for briefly
writing verbose definitions like (—oo¢,+00¢) = R¢ and (—oo¢, +00¢) C Rev,
where ( < ¢’ < Q denotes the set of all numbers z € Re such that there is
a number 7 € R¢ such that —r < z < r, in partiular, (—oo,, +00,) C No is
the set of all finite Conway’s numbers as wll as (—oogq, +00q) = No. We will
add two more symbols %wc and %wc to denote (%.OC, +00¢) as the set of all
positive numbers in R¢ and (—ooc, %.OC) as the set of all negative numbers in

R as well as (—ooc, %.OC) and (—oo¢, =) in R¢r, ¢ < ¢’ < Q like above. Also

—oo¢

by (——, ——) we denote the class of all infinitesimal numbers in No in the
00w ? 00y 1

sense of Conway; and by (—oogq, T.loQ) and (55—, +00n) we denote the classes
of all negative and positive numbers in No, respectively. See Appendix below.

Proposition 2. Olimcxa = a € F if and only if (Ya)o<a<c = (Ta —
<a<




@)o<a<c 18 C-infinitely small in F'. A (-sequence is a (-infinitely small sequence
(Ta)o<a<e, Ta # 0 for all a > aq for some ag, if and only if (i)aoga« s a
C-infinitely great seacuence.
Proof is an immediate consequence of Definitions 6 and 7.
Thus we have the following formula for members of {-sequence (24 )o<a<c;
which converges to a € F":
To = 0+ Yo, (7)

where (Yo )o<a<c is ¢-infinitely small in F'.
4. Fundamental (-sequences in (-fields F' of Conway’s numbers

Definition 9. A (-sequence (zq)o<a<¢ in a (-field F is called fundamental
or a Cauchy (-sequence if for each positive number € € F there is an ordinal
number o such that |z, — x| < g, for all g < a < o’ < .

Definition 10. Two (-fundamental sequences (zq)o<a<c and (Yo)o<a<c
in a (-field F' are ¢-equivalent, denoted by (zq)o<a<c ~ (Ya)o<a<c, if for each
positive number ¢ € F' there are ordinal numbers ag and o such that |z, —
Yor| <&, for all ap < o< ¢ and all af <o < (.

It is clear that the (-equivalence is an equivalence relation ~ on the set of
all fundamental ¢-sequences (zq4)o<a<¢ in F. One has to verify only transitivity
what is an easy exerciee. Note also that there can be a case that A-sequence is
(-fundamental for a limit ordinal w < A < (, but it is always (-equivalent to
some (-fundamental (-sequence (zq)o<a<¢. That is why we consider here only
(-sequences.

Lemma 1. If (-sequences (Zq)o<a<c and (Ya)o<a<c are (-fundamental
in F, then their sum (To + Ya)o<a<c and product (T - Yo)o<a<c are also -
fundamental in F. If in addition there is a positive number r € F such that
|Ya| > 7, for almost all «, then the quotient (%)QOSO‘« is also (-fundamental
i F for some ordinal av.

Proposition 3. FEach convergent (-sequence in a (-field F C No is (-
fundamental; converse is not true in general.

Proofs are also an easy exercise. But an example of (-fundamental sequence,
C=w", 0 < pu< Q, which does not converge, is not trivial but we omit this
construction here how not essential.

5. (-completions F of (-fields F of Conway’s numbers

In spite of fact that there can be a fundamental ¢-sequence (z4)o<a<c in a (-
field F which is not convergent in F, it defines a Conway’s number a = {L | R},
born on day (, with definite L and R such that o hm{xa =a.

<a<

Definition 11. Let F be a subfield of No and {F |} = ¢ =w“", 0 < pu < .
By F' we define the set {[(za)o<a<c]} of all classes [(zo)o<a<c] Of equivalent
fundamental (-transfinite sequences (zq)o<a<c¢ in F and call it the ¢-completion
of F.

We define the following operations on E.



Definition 12. For any two elements [(24)o<a<¢] and [(Ya)o<a<c] in F we
put [(xa)0<a<d+[(ya)0<a<§] = [($a+ya)0<a<C] and [(ma)0<a<ﬁ]'[(ya)0<a<g] =
[(Za - Ya)o<a<c]; if in addition |y,| > r > 0, for some ordinal ¢y, then we put
% = [(£2)ag<a<c] for some ordinal ayp.

Proof. One can easily verify the independence of the definition of addition,
multiplication and division operations on (-equivalent classes from a selection
of representatives of the class of equivalent fundamental sequences. It is also
clear that F' is a field. Moreover, it is a totally ordered field, (za)ocace] <
[(Ya)o<a<c] if and only if there exists an ordinal o such that z, < y, for every
ap < a < ¢ and hence it is a subfield of No because we define natural operations
on numbers in F which actually coincide with operations in No but not in a bit
simple way.

Now we have to identify each class [(24)o<a<c] of F with the unique Con-
way’s number and show that the operations on them are the same as in No.

Choose any fixed element (zq4)o<a<c of the class [(2a)o<a<c]. Notice also
that z, € F, for all 0 < a < {. Since (zq)o<a<c is fundamental then for each
positive number € € F there is an ordinal ag such that

T — €< Ty < Ty + € (8)

for ap < a < o < (.

Let L' be the subset of I of all I’ € F such that there exists an o and
inequalities I’ < z,, for all ag < o < ( and put R’ = F\ L.

Evidently L' # 0 because xo — ¢ € L' and on the other hand z. +¢ ¢ L'
and thus, by construction, z, + ¢ € R’ and hence R’ # 0, too.

Notice that for each numbers I’ € L' and r’ € R’ we have inequality I’ < r’;
otherwise, I’ > /', for all ap < a < ¢ we obtain z, > [ > r' and ' ¢ R’
Contradiction.

Now we can define a Conway’s number a = {L | R} of No such that a =
[(za)o<a<c]- If L’ has an extremal element (supremum) a or R’ has an extremal
(infimum), which in this case is the same element a of F, then we identify
this Conway’s number a = {L | R} with the class [(a)o<a<c] € F, where
L =L'\{a} and R = R’ in the first case and L = L' and R = R’ \ {a} in
the second case. Notice that these cases depend on the choice of (x4)o<a<¢ In
[(za)o<a<c]- Indeed, if the supremum a in L’ will be when a chosen (z4)o<a<c
is almost in R’ and the minimum a in R’ when a chosen (24 )o<a<¢ is almost

in L’. Moreover, in these cases lim (z,) = a. In such a case a can be call a
o<a<(

¢-rational number of F, by analogous with rational real numbers.

Another possible case when neither L' nor R’ have extremal element. Then
we obtain a Conway’s number a = {L | R}, where L = L’ and R = R’ and
identify this Conway’s number a with the class [(za)o<a<c] € F. Moreover, in
this case also oiiorgg(:va) = a and we also call a a (-irrational numbers of F, call
by analogous with irrational real numbers.

By definitions and constructions we see that a Conway’s number a does not
depend on the choice of element (24 )o<a<c¢ Of the class [(zq)o<a<c]- Thusa € F



is unique for the class [(za)o<a<c]-
Moreover, we have the following inequalities:

To —e<a<xy +eE. (9)

If we consider another fundamental sequence (ya )o<a<¢ and its class [(ya)o<a<c] €
F, then we know that (z4)o<a<c + (Ya)o<a<c = (o + Ya)o<a<e and thus
[(za)oca<c] + [(Ya)o<a<c] = [(Za) + Ya)o<a<c] € F. We have already identified
[(za)o<a<c] and [(Ya)o<a<c] in F with Conway’s numbers a and b, respectively.
Thus, we know that a+b € F as sum of two classes of (-fundamental sequences.
We also know that a - b € F and 7€ F, b # 0 But Conway’s definition of sum
and product of two numbers a and b is different. Thus, we need the following
Proposition to show that these operations coinsied with ours.

Proposition 4. Suppose we identified F as a subset if No. Then for each
a,b e F suma+be F and product a-b € F in the sense of (-sequences are
the same number a +b € No and a -b € No in the sense of Conway’s sum and
product of numbers a and b in No.

Proof. Suppose first, that we defined as above lim z,) =a, lim (y,) =
0<a<( 0<a<(

b and b= 1 o li o) = i o+ Ya) C ’ , b
and a + 0<1Cr¥ri<(x )+0<1Cryric(y ) 0<lor£g(w + Yq). Conway’s sum, by

Definition, is a + b = {2 +y,z +y* | 2B +y, 2 + y*}, where a = {a¥ | 27} and
b= {y"|yf}. Thus, we have to show that a + b in the sense of (-sequences is
the same number a + b in the sense of Conway’s sum of numbers a and b. For
this purpose we define the Conway’s number a + b, defined as above by classes
[(za)o<ca<c] + [(Wa)o<ac<e] = [(Ta + Ya)o<a<c]. Choose a representive element
(Za + Ya)o<a<c of it and define a Conway’s number, generated by it as above.
That is we consider the following set L' = {I' € F'|Jap &' < zValap < a <
(tand RF =F\ L.

There can be two cases: first L’ has maximum or R’ has minimum and
neither L' nor R’ have exitemal element. In the first case maximum of L' is
a+b or minimum of R’ is a+b and the Conway’s number a+b = {L| R}, where
L=IL'\{a+b} and R=R or L=L" and R = R'\ {a+b}, respectively, second
when L’ and R’ have no extremal elements. Then a+b = {L’| R'}. Notice that
in this case for a = {L| R} and b = {L| R} their above auxiliary sets L' and R’
also have no extremal elements or if for a its set L’ has maximum, then for b
its auxiliary set R’ has minimum or vice versa if for a its auxiliary set R’ has
minimum, then for b its auxiliary set L’ has maximum.

In all these cases the sum a + b and product « - b in the sense of (-sequences
is the Conway’s sum a+b = {xL +y,y* +z |2F+y,yF+ 2} and product {a-b =
{xly + zy” — aPyl, oy + ay® — 2By R | aly + xyR — 2 LyR, 2Py + oyt — 2Ryl)
because, evidently, for all numbers z” +, y* + 2 there are inequalities 2 4y <
a+band y* < a+0b as well as for all zf* 4y, yf* + x there are inequalities a+b <
4y and a+b < yR+2; also for all numbers ol y+axyt —aty?, ofiy+oyf—a Byl
there are inequalities zly + zy” — 2fyl < a - b, 2By + zyf — 2By < a-b
and all numbers 2Xy + xy® — 2Ly® 2By + zy” — 2By’ there are inequalities
ety +zy® —zly® < a-band 2By +zy” — 2By’ < a-b. The latters follow from



the evident inequalities:

a—xY > 0and b—y* > 0, hence (a — 2¥)(b — y~) > 0 and thus a-b >
olb + ayl — atyl;

zf' —a > 0 and y® — b > 0, hence (z% — a)(y® —b) > 0 and thus a - b >
oo + ay® — 2Byl

a—zl > 0and b -y <0, hence (¢ — 25)(b — y®) < 0 and thus a- b <
zlb + ayft — zly®,

zf —a > 0and b—y* > 0, hence (% —a)(b—y%) > 0 and thus a- b <
b + ay® — 2Byt O

Theorem 6. A (-sequence (To)o<a<c N F converges in F if and only if it
18 C-fundamental.

Proof of necessity. Let (-sequence (zq)o<a<¢ in F be convergent in F
and thus liorériC Zo =a € F. Let € be a positive number in F. For number 5
we find an ordinal ag such that for each ay < a < ¢ there is inequality:
€

|zq —al < 3

Then for all ag < a < ¢ and ag < o’ < ¢ we have
€

5
|xa—a|<§and |zo —al < 5

and obtain for all ap < a < ¢ and ap < o’ < ¢ the following inequality:

e €
[2a — Zor| = [(Ta — @) + (@ — 20| < |20 —a| + |a — 2o | < 54—5 =e.
Proof of sufficiency. Let (-sequence (74 )o<a<¢ in F be a ¢-fundamental

sequence. We shall prove that there is a number a € F' such that o lim ) To = Q.
<a<

Let us suppose that (za)o<a<¢ is not almost stationary (-sequence in 13‘,
otherwise, (24)o<a<¢ would be converging to this constant and the poof would
be done. Then for each positive number € € F' there is an ordinal o such that

To — €< To < Tor + € (10)

for ap < a < o <.

Let A be the subset of F of all a € F such that there exists an ag and
inequalities a < x4 for all ap < a < ¢ and put A’ = F \ A.

Evidently A # () because o — € € A and on the other hand z + ¢ ¢ A
and thus, by construction, . + & € A’ and hence A’ # () as well.

Notice that for each numbers a € A and @’ € A’ we have inequality a < a’;
otherwise, a > o/, for all ay < o < ¢ we obtain z, > a > a’ but @’ ¢ A.

So we have a Dedekind section {A| A’} of F.

Put now A = ANF and A’ = A’NF. We consider a case when A and A’ have
no extremal elements in F', otherwise, this extremal element would be the limit
of (za)o<a<c. Thus we conclude that X is co-final in X and Y is co-initial in Y.
Now we define a fundamental ¢-transfinite sequence (Yo )o<a<¢ in F “co-final® in

10



(Za)o<a<c in the following sense: for each 0 < o < (if 24 € Y, then y, € Y and
Tor < Yo < To, where o’ is the smallest index such that o’ > « and 7, < x4,
and if z, € )N(, Yo € X and Ty > Yo > To, Where o’ is the smallest index such
that o/ > a and x4 > x,. This is possible, firstly, because either (zq4)o<a<c is
co-final in X, or co-initial in Y, or has the corresponding ¢-subsequences in both;
secondly, each z, in F is a Dedekind section of F; thirdly, because (Ta)o<a<c
is fundamental and hence such constructed ¢-transfinite sequence (Yo )o<a<c is
also fundamental. By Proposition 4, oiigig Yo = € F. Since (Ta)o<a<c is also

“co-final“ for (yq)o<a<c in the above sense we conclude that ohmq% =a.0
<a<

6. Continuous functions in R¢, ¢ = W 0< <

The above theory of (-fundamental (-sequences and their limits in Ij’g =R,
C=w",0<pu<Q,allows us to build Mathematical Analysis of continuous
functions f(z) defined on X C R, which implies many (not all) classical results
of Calculus when g = 0. Let’s briefly outline a sketch of such a theory.

Definition 13. A point g € X C R¢ is a (-limit point of X if there is a

¢-sequence (Zq)o<a<c¢ in X such that lim =z, = xo.
o<a<(

Definition 14. A function y = f(z) with domain X C R¢ is called (-
continuous at ¢-limit point xy € X if there for each (-sequence (Zq)o<a<c
in X such that lim =z, = 2o one has lim f(x,) = f(z0). We denote it by

0<a<( 0<a<(
lim f(x) = 0. If every point in X is a ¢-limit point and y = f(z) is {-continuous

)
at x, then we say that y = f(x) is a (-continuous function in X.

First of all, it is clear that the sum f(x) 4+ g(z), product f(z)g(z) and
quotient % of two (-continuous functions f(z) and g(x) on X C R, are also
¢-continuous; in the latter case we assume that g(z) # 0, for each € X. Next
the composition g(y) = g(f(z)) of two (-continuous functions y = f(x) and
z=g(y)on X CR; and on Y = f(X) C R¢, respectively, is also ¢-continuous
on X.

One can also define the derivative, the central notion of differential calculus
and then investigate functions for monotony, extremes, convexity, concavity
and inflaction, asymptotic behavior, etc. The most surprising thing is that
dimR¢ = 0, where ¢ = w?" for > 0 and 1 for s = 0. We omit this easy part.

7. On an nth root of a positive number in R,

Theorem 7. Ewvery positive number x € R¢, ( = w0 < pu < Q has a
unique positive nth root y € Re, i.e., y" =z, for each integer 1 < n < w.

We shall show that Theorem 4 implies Theorem 7. Indeed, Theorem 4,
proved by Conway, says that every positive number & € No has a unique positive
nth root y € No, i.e., y™ = x, for each integer 1 < n < w. It is enough to show
that if x € R¢, then y is also in Re.

For this purpose we shall describe the Class No \ R¢. It is clear that if the
birthday of # € No is @ < (, then € R¢, and if the birthday of z € No is

11



a > (, then ¢ R¢. The hard case is when if the birthday of € No is equal
to ¢. In this very case some of numbers are in Rs and some are not in R¢. The
following lemmas describe the state of affairs.

Lemma 2. Let R¢ be a (-field with ( = w0 < p < Q. Then the set
No \ R¢ is a union of the following intervals of numbers in No:

1) {y e No|y > zVz € R¢} and {y € No|y < zVx € Re};

2) for every strictly increasing A-sequence (Tq)oca<xr i Re (A is a limit
ordinal w < X <€) and the set XT = {z € R¢ |z > x4 Vo € (0,\)} this interval
is defined by the following inequalities: x, <y, for all @ € (0,\), and y < z,
forallxe XT;

3) for every strictly decreasing A\-sequence (Ta)o<a<x i Re (A is a limit
ordinal w < X < () and the set X~ = {z € R¢|z < x4, Va € (0,\)} this
interval is defined by the following inequalities: © < y, for all x € X~ and
Yy < o, for all a € (0, N).

Moreover, in the first case when |y| > o for all0 < a < (, theny € No\R¢.
In the second and third cases when a strictly increasing or strictly decreasing
A-sequence (Tq)o<a<r i convergent in Re, say to & € Re, then every number
Yy =2 F09, where 0 < § < é for all 0 < a < ¢, is an element of No \ R¢.
And when a strictly increasing or strictly decreasing A-sequence (Tq)o<a<x 1S
not convergent in Re, then y € No \ R¢ if in the normal formy = > w¥rg

B<y
there is a (-term w¥4rg such that w¥s ¢ Re.

Proof. The first case {y € No|y > 2Vz € R¢} and {y € No|y < zVx €
R¢} is evident. Indeed, these sets are evidently subsets of No and no element y
of it is an element of R.. Moreover each of them is convex, i.e., if y1 <y2 < ys3
and vy, and y3 are elements of one of them, then ¥, is also an element of this set
and thus they are intervals of elements in No.

The second and third cases when a convergent strictly increasing or strictly
decreasing A-sequences (zq,)o<a<x IS convergent to & € R¢ is also evident be-
cause & —y| = |2 — 2o + 2o — Y| < | —@a| + |20 —y| < 2. forall 0 < a <A
Put § = & —y or 6 = y—Z, respectively, and thus & —¢ or y = Z+ 0, respectively,
with 0 < § < % for all 0 < o/ < A, where a = 2¢/.

The second and third cases when a strictly increasing or strictly decreasing
A-sequences (Zq)o<a<x IS DOt convergent in R is also evident because because
otherwise, y = > w¥8rg with all f-terms w¥srg, 0 < 8 < 7, such that w¥s €

By
R¢, should be in Re. [

Lemma 3. For each number x € No such that x # 0 and all positive real
numbers 7 € R C No there are the following inequalities:

w® <7y if z <0, and w® >, if x > 0. (11)

Proof. First of all, we shall prove that for any ordinal 0 < a < 2 there is an
. . 1 .
inequality 7 < w= for each real number 7 > 0. Consider the number a = {0|1}.
By formula (5), w® = {0,7 - w® |r-w® } ={0,r-w®|r -ws}={0,r|r wa},
where r denotes a variable ranging over all positive reals. Thus, r is a typical
. 1. . . .
member of a left option of w* and r-w= is a typical member of a right option of
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w?®. In particular, for each member r of a left option of w® and for the member
ws of a right option of w® when r = 1, by Theorem 2, we obtain r < w® < wa
what implies an inequality r < wa.

Let x be an arbitrary positive number in No.

If 1 < z, then trivially w® > w! = w and w > r for each positive real number
T

If z < 1, then there exists an ordinal 1 < a < € such that é < x. Indeed,
put o/ = {ordinals 3 < |} and o = o’ + 1. Clearly, & > + and + < z. Then
wa < w® and with above result r < w= for each positive real number r we
obtain an inequality r < w” for each positive real number r.

Let z be an arbitrary negative number in No. Then —z is a positive number
in No. We have already proved that there is an inequality r < w™® for each
positive real number r. Thus w® < % for each positive real number r. [

Lemma 4. Let g,,(z) = boa™ + bia™ 1t + ..+ byp17 + by, 0 < m < W,
be an arbitrary polynomial with coefficients by, b1, ..., by in R¢, bg # 0 and T be
any fixed number in No. If |Z| > « for all 0 < a < (, then there is an inequality

lg()] > «, (12)

forall0 < a < (.

Proof. We shall prove it by induction. For m = 1 one has g;(x) = by + b1,
by # 0, and by, b1 € R, suppose the contrary, i.e., |Z] > a for all 0 < a < ¢
and |g1(Z)] < ap for some 0 < ag < ¢. Then |byZ + b1| < ap and hence
—ag—b1 < bz < ag—by. If by < 0 it implies *ag;bl >z > aob;bl and if by > 0
it implies *agofbl <z < O‘Ob;bl. Since g, bo, b1 € R¢ then *agofbl and O‘Ob;bl
are elements of Re.

Consider now any ordinal oy € R¢ such that oy > max{\%o_bl\, \‘I“T_Obl\}
Then, by both cases of above inequalities we obtain |Z| < «; what contradicts
with supposition that |Z| > « for all 0 < a < (.

Suppose now that for each 1 <n < m — 1 there are inequalities |g,,(Z)| > «
for all 0 < a < (, and prove that for n = m there is the same inequality.
Indeed, suppose the contrary, i.e., |Z| > « for all 0 < a < ¢ and |9 (Z)| =
|boZ™ 4+ b1 2™ L + .. 4+ by 1T+ byn| < g for some 0 < ag < ¢, what is the same
that |Z - gm_1(Z) + bim| < g, where g, 1(x) = box™ 1 + byz™ 2 + ... + by 1.
Hence —ag — by, < T gm-1(Z) < ap — by,. Since —ag — by, 0 — b, € Re
we consider any ordinal a; € R¢ such that a; > max{| — g — bi,|, |g — b |}
Then |Z - gm-1(Z)| < a1 what contradicts with supposition that |Z| > « for
all 0 < a < ¢ and inductive supposition |gn,,—1(Z)| > « for all 0 < a < ¢, in
particular, for « = 1, because multiplication of latter inequalities |Z| > « and
Im—1(Z) > 1imply |Z - gm-1(Z)| >a-1=aforall 0 < a < (.

Lemma 5. Let x be a number in R¢, ¢ = w0 < u < £, such that «,
0 < a < w* is the birthday of . Then w” € R¢. In particular, when ¢ is an
e-number, then for each number x € R; one has w® € Re.

Proof. It is easy to see that if « is the birthday of € On, then w® is the
birthday of y = w® € On (see [4], p. 8-14, 31).
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By supposition of Lemma 2, x € R; and its birthday is 0 < o < w*,
0 < p < Q. Then w®* € No was born on day w®. Consequently, w® < w*" = ¢
and thus w” € Re.

Note that, in general, for some =z € R¢, ( = w0 < p<Q W" ¢ Re.
Simple examples: when g = 0 then only for one number z = 0 € R, one has
w? € R,,. For all other numbers it is wrong. For p = 1, x € R, whose birthday
is 0 < o < w, we have w* € Ry but for z = w? (say) w*’ & Rye.

Nevertheless, if ¢ is an e-number, i.e., w® = ¢, then for each x € R¢ one has
w® € Re¢. Indeed, ¢ = w® = w** and hence = (. Thus, the proof was above.
In particular, each initial ordinal number w,, 0 < o < €2, is an e-number and
thus for every x € R, one has w” € R, . O

Lemma 6. Let g,,(7) = box™ + biz™ ' + ... + b2, 0 < m < w, be an
arbitrary polynomial with coefficients bg, b1, ...,bm—1 i R¢, by # 0 and T be any
fized number in No. If || < é for all 0 < a < (, then there is an inequality

1
T)| < — 13
9()| < (13)
forall0 < a < C.
Proof. It is clear that |b,2"| < £ for all 0 < a < ¢, 0 < n < m. Otherwise
if |b,z"| > (%0 for some 0 < n < m such that b, # 0, and 0 < g < (, then

Zn 1 : 1 1
|z > ao5.- Take any ordinal oy such that ar < aolon]

< |z™| and hence

D%l < |Z|, what is in contradiction with supposition of Lemma 3.
Consider now the following inequality

|boz™+b1z™ A by 12| < |box™ |4 brax™ T 4. A by 12| < M- max |b,z™ ",
0<n<m

(14)
which implies the following inequality
m m—1 1
‘bol‘ + bix +...+bm,1l‘| < E (15)
for all 0 < a < ¢ because m - [b,Z"| = |m - b,z"| < L for all 0 < o < ¢, where

|b, " = Oglaéxm{\boxmL |brz™ Y, ., |om—17|}

Theorem 8. Let R¢ be a (-field with ( = w0 < pu < Q. Then every
number T € No \ R¢ is transcendental over R¢. e. i., for every P(z) = apz™ +
" '+ . +ap_1x+a, with a; € Re, 0<i<n, 0<n<w, ag #0, one has
P(z) #0.

Proof. Since z € No \ R¢ then, by Lemma 2, there are three possible
situations.

1)z e{yeNoly>aVr e R}orz e {y e Noly<azVeeRc}. Then
|Z| > a for all 0 < a < ¢ and, by Lemma 5, |P,,(Z)| > a for all 0 < o < ¢. Thus
Pu(@) 0.

2) o < T < a, for all @ € (0,\) and all @ € X, where (aq)o<a<x i &
strictly increasing A-sequence in R¢ (X is a limit ordinal w < A < () and the set
Xt ={aeR¢|a>a,Vae (0,\)}.
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There can be two differend cases:
a) (Ta)o<a<x is (-fundamental and
b) (a)o<a<x is not ¢-fundamental.

In the first case there are the following inequalities: ay < T < o li)\m R2Y
<<

for all 0 < X < . Denote lim ay = a. Notice that a € Reand a — 7 < é
0<A <A

for all 0 < a < (. Thenijzd—sand0<€<éfora110<a<)\. We
shall prove that P,(z) # 0. Indeed, P, (Z) = 2" + a12" ' + ... + ap_1Z + a, =
@F—e)"+a(@—e)" T+ ..t an1(@—¢€)+a, = 3"+ CLa" 7 (—e) + ... +
Cr= (=) 1 (—e)" + a2 + a1 CL_ 12" 2 (=) + ... + a1 C" P (—)" 2 +
ar(—e)" 1+t an 18t an_1(—€) = Age" + Are" L+ Ap_1e + 3" + ap,
where A; € R¢, 0 <@ < n. Then to prove P(z) # 0 is the same as to prove that
e+ A; en~l4 .+ 2 Anotp g 2 £ 4an —£ 0. Note that Ay = +1 and depends on n,

., if n = 2k, thenAO—l and1fn-2k+1 thenAO——l

Ononehand le™ +A1”1+ + "15|<|5”|—|—| Len—h 4 +|"1|<

n- max0<1<n|A en Z|< - forall 0 < a < (.
On the other hand, since ¢ ¢ R then € # ——é and thus ¢ + Al # 0.
Moreover, as above 0 < |2 + AIE\ < = for all 0 < a < ¢ and analogously

«@
€ —|—A1€—|— #Oand0<|<€ +A15 +A25|< for all 0 < o < ¢ and so on
uptoO<|€ —|—A16"1+A z|<gfora110<a<C.Thus,
e—i—Alen 1—|—A A—Z#O,WhereAn:%.

A case whena < T < ay, for all \ € (0,\) and all a € X~ where (aq)o<r <
is a strictly decreasing A-sequence in R¢ (A is a limit ordinal w < A < ¢) and
the set X~ = {a € R¢|a < aq Vo € (0,A)}, is absolutely analogous.

Consider now a case when a strictly increasing A-sequence (x/)o<x'<x in Re
(A is a limit ordinal w < A < ¢) is not ¢-fundamental.

Let now T be a number such that zy» < T < a for all 0 < X < X and
all a € XT. We shall prove that P,(Z) # 0. Without loss of generality we
can suppose that P,(r) = 2" + a;2"~ ' + ... + a,_12 + a, and prove that
P,(z") ="+ 12" '+ ... + apn_17 + a, #0.

Consider now the smaller index 0 < 3y < «y of a term w¥?0 -rg in the normal
form )" wY¥8.rgof z such that w¥%o ¢ Re, i e,z = Y, w¥.rg+ Y w¥-

B<y 0<B<Bo Bo<p<y
rg and hence ¥ = A 4 wYfo - rg, 4+ 1, where there are the following inequalities

—T+A<T1<T-— A

Clearly, such item w¥?o - rg, exists because otherwise Z should be an element
of Rg.

The idea to prove it is the following. We also consider the first terms w0 ~q§,
1 < k < n, in the normal forms of all items ayz"~!,....a,_12, a, of P,(Z) and
show that its sum cannot delete w¥?o - rg,.

Indeed, first of all notice that for all w¥o, w?¥s, ..., w™¥% there are the
following inequalities: zy — A < w*¥o < a — A for all 0 < X < X and all
a € X, because yg, # f% for all 1 < £ <w and all b € R such that b < w”.
Otherwise, w*¥s0 € Re.
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Now P, (Z) = Pu( > w¥ 15+ > w¥ .rg) = Py(B+wkvo +7,) =
0<B8<Bo Bo<p<y
C+w™ Y80 +-bywM=DYso 4 b, _1wY% +b,+ smaller, where B = Y w¥s.rg,
0<B<Bo
C=B"+aB" '+..+a,-1B+a, € R¢ and by, ..., b, are adduced coefficients
which are evidently in Re.

Since all W -w™ Yoo = w0 +M¥sg # wh¥s0 for all 0 < k,m,t < w we conclude
that P,(z) #0. O

Lemma 7. Let z be a number x € No whose birthday is v. Then the
birthday of number w® is w?.

Proof. We shall prove first that Lemma 4 is true when z is an ordinal
number. Clear that if 2 = 0, then w® = 1 and thus it is the simplest case of
Lemma 4 because the birthday of 0 is 0 and the birthday of 1 is 1.

Since the birthday of every ordinal « is « because @ = {ordinals 8 < «|}
and, by definition of power of ordinal numbers v (y° = 1; vt = 4@ . 4;
7 = lim ~%, where o is a limit ordinal and lim ~* is the smallest

0<ao/'<a 0<a’/<a
ordinal which is greater than ', for all 0 < o/ < «), w® is also an ordinal
number and thus its birthday is w®. Notice also that the set {wa/}oga/<a is
co-final in the set {8}o<g<we. Indeed, since w® is the smallest ordinal which is
greater than wa/, for all 0 < o < @), then for any 8 < w® there is @’ < a such
that 8 < w®'.

We repeat it for the definition of power operation w®, x € No and = > 0,
given by Conway. Indeed, w® = {0,7w” |} where r denotes a variable ranging
over all positive real numbers. In particular, w® = {0,nw? |} where n denotes
a variable ranging over all natural numbers. We have to show that the set
{nwP}o<n<w is co-final in the set { ordinals ' < w®} and thus w® is an
ordinal whose birthday is w®.

If o = o’ + 1 for some ordinal ay < o’ < a, then the birthday of w® is w®,

because {wo‘/, 2w nw® . |} = w.
If o is a limit ordinal, then the birthday of w® is also w®, because, by
definition of power w® of ordinal numbers, w® = lim w®, where the latter

0<a’' <
is the smallest ordinal number which is greater rthan w®, 0<a <a. Butall
ordinals w®, 0 < o/ < « are in the Left option of w® = {0, rw® |} and co-final
in the set {rw”‘l}oga/<a. Thus, the birthday of w® is exactly w®.

Let {” |27} be a birthday form of z, i.e., all z¥, 2% € O, and ({2}, {z®})
is a Dedekind section of O. It exists because the birthday of x is a day . By
formula (5), w? = {0,rw®" |rw®" } where r denotes a variable ranging over all
positive real numbers.

It is clear that there exists an ordinal number aq such that for every ordinal
ap < o <y we have a € O, and « is in a Right option of 2. Hence for every
positive real number r the number rw® is in a Right option of w®. In particular,
nw® is in a Right option of w® for every positive natural number n. Thus, if
~ = o’ +1 for some ordinal ag < o <+, then the birthday of w® is w?, because
{w® 2w onw® |} =W,
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If v is a limit ordinal, then the birthday of w® is also w”, because for all
ordinals w®, ag < a < 7, we have {w wtl WY |} = W, ie., the
birthday of each such number w® from Right option of w? is less than ~ as well
as for each ordinal 4/ <  there is an ordinal number « such that 7" < w® < v
and thus the birthday of w” is exactly ~.

Proposition 5. For each number x € R whose birthday is 0 < a < w¥,
the number w® is also in R¢. Moreover, if ¢ is an e-number, i.e., w® = ¢, then
for each number = € R¢ whose birthday is less than ¢ the power w? is always in
Re.

The proof is evident.

Lemma 8. Let x and y be any positive numbers in No such that z # y.
Then w” is not commensurate with w?.

Proof. Suppose the opposite, i.e., there exists a natural number 0 < n < w
such that w® < n-wY and w¥ < n-w”. The latter inequalities imply the following
once w* Y < n and WY < n.

Since for x # y there are only two possibilities: either x < y or y < x what
is the same that either y —x > 0 or x — y > 0. Thus one of the inequalities
w*™Y < n and wY™* < n is in contradiction with Lemma 3. [J

Corollary 3. If w® # wY, then w” is not commensurate with wV.

Proof. w?® # wY implies = # y.

Lemma 9. R; = S*IOC, where OC is the closure of O¢ in R¢.

Proof. By Definition, R is a completion P of the localization Pr = S~1O;
of O¢ at zero, where S = O¢ \ {0}.

Consider S’ = O¢ \ {0} € R;. We shall show that S'"!O, C R; and
RE C 57107

If x = 0, then it is a member of both sets.

Let  # 0 be a member of S'"~1O0,.

If x € O¢, then x € P: and hence z € R¢.

If x ¢ O¢, then there is a (-sequence (z4)o<a<¢ Which converges to = and
Zo € O¢ for all 0 < o < ¢. Thus z4 € P, for all 0 < a < ¢ and hence z € R¢.

Let now = be a member of Re.

If x € O¢, then z € O and hence z € S'71O0¢. If z € P and = ¢ O¢, then
% € O¢ and hence % € OC as well as z € OC~ Hence z € S’_IOC.

If z ¢ P, then then there is a (-sequence (Z4)o<a<¢ Which converges to z
and z, € P, forall 0 < a < (.

Further, if there is a {-subsequence of (x4 )o<a<c, say for short it itself, such
that 2, € O¢, then x € S'710¢.

If there is a (-subsequence of (zq)o<a<c¢, say for short it itself, such that
To ¢ O¢, then L € O for all 0 < o < (. Moreover (i)0<a<c is ¢-fundamental

sequence and hence, by Proposition 3 and Theorem 3, 2’ = lim -1 € O; C R,.
0<a<( Ta

One can see that ' = % Thus z € Re. O

Corollary 4. The birthday of each x € R is less or equal to ¢

Proof. It is enough to consider x € R¢ such that = ¢ Og. Thus, its birthday
can be only great or equal to . Suppose that it is ( + 1. Then z = 2’ + %7 if
z’ € R¢ and the birthday of 2’ is (. If the birthday of «’ is less than (, then
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x=a + %7 orxz =1 — %, orx =x' — %, orxz =gz + i, respectively, when
= :I:%. In all these cases © ¢ R¢. Otherwise, :I:%, :i:%, :|:2—1< would be members
of Ry what is wrong. If x = 2’ £ % and the birthday of 2’ is ¢ and 2’ ¢ R..
Then evidently x ¢ R.. The same argument for supposition that the birthday
of x is ( + 2 and so on.

Corollary 5. OC =Re.

Proof. Indeed, by Corollary 4, each x € R whose birthday is ¢ has a
birthday form, i.e., z = {z” | 2%} and the birthdays of all 2%, ¥ are less than
¢. Thus, all 2%, 2™ are members of O¢. O

Lemma 10. For every number z € R¢, ¢ = w?", 0 < pu < Q whose birthday
is a = w", the following relation occurs: w” ¢ R¢.

Proof. Suppose the opposite, i.e., w* € R¢. Denote this number by y
and consider the form of it as {0, y” | yf'}, where {y*} and {y%} are sets of all
positive numbers such that y* € O; and y* € O, with the following properties
y¥ < yand yf* > y.

Denote by w*” and w*" the numbers which commensurate with y* and y%,
respectively.

Since the birthdays of y* and y® are less than ¢ then, by Lemma 4, w? and

=" are members of R. and their birthdays are also less than ¢ because the zero-

w

terms w0 ro and w0 50 in normal forms of numbers y” and y*?, respectively, are
in M, and M, respectively, where vz, and g are the birthdays of yL and y,
. L R
respectively, and thus less than . Consequently, every w® and w?® are numbers
L R
of R¢. Hence, by Corollary 3 to Lemma 5, no w® and w® commensurate with
y=w".
L R

By the proof of Theorem 3, y = {0,yL,7 - w* |y®,r - w*" } = w?, where
2z =1{0, 2% | 2%} and r denotes a variable ranging over all positive reals.

Since R is ¢-complete we can choose an increasing (-sequence (yE Jo<a<c in
the set {y”} such that lim yl =y.

0<a<(

Thus Olimcyg = y = w? then for each positive number ¢ € R¢ there is an
<a<

ordinal number o < ¢ such that |y, —w?| < € for all ap < a < (.

For each y,, there is a natural number n,, such that y, < n, - w? because
Yo is commensurate with w? . Then |y, — w?| < € implies |ng - w* — w?| < &
for all g < a@ < ¢. The latter inequality implies |n, WA TE 1| < = and thus
there is a stronger inequality \wzi—z — 1| < =. But by Lemma 3, we < 1
for all natural 0 < n < w because z~ — z < 0. Thus |chL¥’Z —1 > |2 — 1] for
all naturals 0 < n < w. In particular, for n = 2 we obtain |w® % — 1| > i
Then for € = %y the above inequality |wz<§_z — 1| < % is in contradiction with
|wz§_z -1 > % What proves that 2 is commensurate with some of w*" or w*"
and also y # w® for any z.

Lemma 11. Let ¢ be the birthday of number x € R¢. Then =z is reducible

in the sense of Conway, i.e., z = > w¥rg and all S-terms w¥ - r3 of x are
B<C
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simpler numbers (whose birthdays are less than ().

Proof. Let x be a positive number of x € R whose birthday is equal to (.
Since R is (-complete we can consider z = {L | R}, where L = {zF € O; : 0 <
zl <z} and R = {2f € O¢ : © < 2B}, i.e., 2l 2% are nonnegative “dyadic®
numbers whose birthdays are less that (. Moreover, we can choose an increasing
¢-sequence (o). o< in the set {z"} such that oiicryrig rk =g

By Theorem 3, each z is commesurate with some wy” (say) and each xf is
commensurate with some w?" . Moreover, the birthdays of w® and w®" are less
than ¢ because the zero-terms w¥rg and w? sq in normal forms of numbers z”
and z*, respectively, are in M., and M,,, respectively, where v, and yg are
the birthdays of 2 and x%, respectively, and thus less than ¢. Consequently,
every w¥" and w¥" are numbers of Re.

We shall prove that  must be commensurate with some w¥" or w¥". Oth-
erwise, by the proof of Theorem 3, x = {0,z 7 - wv” | 2B r wyR} = wY, where
y = {0,y* | y'*} and r denotes a variable ranging over all positive reals.

Since 0lim rk =z = wY then for each positive number ¢ € R there is an
<a<

ordinal number oy < ¢ such that |z, —w¥| < € for all ap < a < (.
For each z, there is a natural number n, such that z, < ng - wYa because
T4 is commensurate with w¥ . Then |z, — w¥| < & implies |ng - W — w¥| < &
for all ap < o < ¢. The latter inequality implies |n, CwYa Y — 1| < 5 and thus
€ 1

there is a stronger inequality |wy5—y — 1] < 5. But by Lemma 3, wha < -

for all natural 0 < n < w because y~ —y < 0. Thus \wych’y -1 > | —1] for

all naturals 0 < n < w. In particular, for n = 2 we obtain |wyﬁ*y -1 > %

Then for € = %y the above inequality |wy<L~ ¥ —1| < 5 is in contradiction with

|wy§ v—1] > % What proves that = is commensurate with some of w¥" or w¥"
and also x # wY for any y.

Proof of Theorem 7.

When p = 0 it is a classical result that every positive real number x € R has
an nth root. We recall the proof to show what new problems arise in the cases
when p > 0.

Let 4 = 0. Then P, = Q and R,, = R. This is a well-known result of Classical
Analysis. Consider the section A|B of rationals Q, where A contains all negative
numbers, zero number and those positive numbers a such that a™ < z, and B is
the set of all rational numbers b such that a™ > z. If there is a rational number
b such that b™ = = we put y = b and Theorem 7 is proved.

If not, then B = {b | b > x}. Clearly, that A and B are not empty because
for each natural number [ such that % < x <l one has l% < ax < 1™, thus, % €A
and [ € B. It is also clear that AN B = (), AU B = Q and, for each a € A,
b € B, one has a < b because otherwise, b < a implies b” < a™ < x what is in
contradityion with b > x. So the section A|B defines a real number y. One
can show that y™ = z, i.e., y = {/x.

Indeed, since for every 0 < a < y < b one has a” < y™ < b" and, for

every natural number [ > 0, there are a € A, b € B such b —a < % (choose
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y— % <a<yandy<b<y+ % what is possible because Q is dense in R) we
conclude that v —a”™ = (b—a)(0" ' +b"2a+..+a" 1) < 1 -n- by~ ', where
bg is a fixed number such that b < by, when b — a < %, and hence A’'|B’ is a
section of Q, where B’ = {b™ | b € B} and A’ = Q \ B’ which defines number
x. Thus, y" = x.

Suppose now that ¢ = w*", 0 < p < Q and consider the similar section
A|B of P, then it is not evident that for every ordinal number o < ( there
area € A, b € Bsuchb—a < i in spite of the fact that they exist because
a priori there are many other sections of Pr which do not satisfy this property.
Indeed, consider the set B of all numbers b € Pr such that b > %, for each
natural number [ > 0, and A = P. \ B. Clearly, A|B is a section of P but
for the Conway’s number ¢ = {A|B} the number ¢ + 1 satisfied that following
inequalities: a < ¢ < ¢+ % < b, for every a € A, b € B, and hence b — a >
c+ % —c= %, although w < (.

Thus, we have to show that it is not the case. There are several ways to do
it. We use Conway’s Theorem 21 in [4], p. 33, that each number y € No defines
a unique expression

Y= Z wYerg, (16)

0<B<a

in which a denotes some ordinal, the numbers 73 (0 < 8 < «) are non-zero
reals, and the numbers yg form a descending sequence of numbers. Moreover,
normal forms for distinct y are distinct, and every form satisfying these conditios
occurs.

There are no any hint in Conway’s proof that y = /z in (16) is a number
in R¢ when = € R.. We shall show that y = {/z € R indeed.

Prove by contradiction. Suppose that it is not so and y = {/z ¢ Re.

Notice first that w¥°ry < ag, for some ordinal 0 < a9 < ¢. Otherwise, if
wYry > «a for all 0 < a < (, and hence y > « for all 0 < a < (, because

y1 = . wYrg is small compared to w¥ry. Thus, by Lemma 2, y™ > « for
0<f<a
all 0 < a < ¢ what is in contradiction with y" = = € R¢.

Moreover, w¥ry € Re. Otherwise, w1y < é for all 0 < a < ¢ and hence

y < é for all 0 < oo < ¢, because y = Y, wY8rg is small compared to w¥ry.
0<B<a

Thus, by Lemma 3, y"™* =z < é for all 0 < o < ¢ what is in contradiction with
y" =z € Re.

Then there is a S-term in (16) such that w¥?rg ¢ R, otherwise, it would be
contrary to our assumption. Moreover, there is the smallest ordinal number 8,
with such property because the set of all ordinals is well ordered and hence all
B with above property has the smallest one. Thus,

y=Vr= ), wlrg+ Y, wirg=a+b, (17)
0<B8<Bo Bo<B<a
where a € Re, and > wYrg is its normal form, b ¢ Re, and Y, w¥rg

0<B<Bo Bo<B<a
is its normal form. Clearly, that |b| is small compared to any positive number
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in Re, i.e., for each number ¢ > 0 and ¢ € R¢ one has ¢- b ¢ R¢. Otherwise, it
should be contrary to the minimality of .

Consider x = (a + b)" = a™ + Cla" b + C2a" 2% + ... + b". Clearly,
r—a" € Re and Cla™ b+ ... + b" is small compared to any number in R¢
and cannot be equal to x — a™ € R¢. The only way to avoid contradiction is to
conclude that b =0 and a = y. Thus y € R( is an nth root of z. [

Corollary 6 Let x be a positive number in R¢, ( = w0 < < 9,
A={aePla<0Va" <z}, B={be P |b>0&b0" >z} and A ={d €
Pldd <0V =a" a>0&ac A}, B ={bV P |V =0b",b>0&0Db¢c B}
Then {A| B} defined y = /x and {A’ | B'} defined x such that y™ = x.

Proof. By Theorem 7, y = {/x € R;. Consider the following ¢(-sequences
(y— i)0<a<C and (y + i)0<a<4' Since P is dense in Ry, for each 0 < a < ¢,
we can find a, € A and b, € B such that y — i <aq <b+ i Moreover, in
addition we can choose a, and b, such that a, < aq41 and by > boy1. Then
[a1,b1] D [a1,b1] D ... D [aa,ba] D [@at1,bat1] D ... is an transfinite (-sequence
of embedded intervals [aq,bs] in R¢ such that oliolégg(ba — aq) = 0, because

bo — Qo < y+ % —y+ % = é Then there is a unique number ¢ € R¢ which
belongs to each interval [aq, bal, 0 < @ < (, and thus ¢ = y.

Consider now (-sequences (z — 5)o<a<¢ and (z + 5=)o<a<c. Since Py is
dense in R¢, for each 0 < a < ¢, we can find a), € A" and b, € B’ such that
x — % <al, <b+ i Indeed, by Theorem 7, there are numbers v,,w, € Re
such that v™ = = — i and w" = x + % By density of P in R¢, we can
find numbers an, by € P¢ such thar v4 < aq < y < by < wo. Moreover, in
addition we can choose a, and b, such that a, < any1 and by > boy1. Then
we put a,, = a” and b/, = b? and see that [a],b|] D [ab,b] D ... D [al,b.] D

[e%inde%

[at41,b041] D ... is an transfinite (-sequence of embedded intervals [al,,b.,] in
R¢ such that oiio{gg(b,a —al,) = 0, because b, —al, < T+ 53 —x+ 5 = 1.

Then, by Lemma 5, there is a unique number ¢’ € R, which belongs to each
interval [a),b]], 0 < @ < ¢, and thus ¢/ = z. O

9. A root in R; of odd-degree polynomial with coefficients in R

Theorem 9. Every odd-degree polynomial with coefficients in R¢ has a root
m Rc.

Proof. By Theorem 5, proved by Conway in [4], p. 40-41, every odd-degree
polynomial with coefficients in No has a root in No. We have to show that
by supposition of Theorem 9, i.e., when an odd-degree polynomial, say without
loss of generality P, (r) = apz™ +ayz" ' +asa™ 2 +...+an_12+an, n =2k+1,
0 < k < w, with coefficients ag, a1, a2, ...,an—1,an € R¢, ag # 0, has a root, say
Z, in R¢. For now we know only, by Theorem 4, that Z € No.

We omit trivial case k = 0 when f1(x) = agx + a1 because it has an evident
root ¥ = — 2 € R¢. Thus, we consider only cases 0 < k < w.

First of all, clearly a,, # 0, and we shall show that there are no inequalities
|Z| > o, for all 0 < o < ¢, and |Z| < 1, for all 0 < a < ¢, and hence there are
numbers a, b € R¢ such that a <z < b.
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Indeed, consider the first case when |Z| > «, for all 0 < a < ¢. Then
|Z" + a1Z2" 7 a4 o an 1T > | — an. (18)

Contradiction, because Z" + a1Z2" 1 4+ a9Z" 2 + ... + ap_1T + a, = 0 implies
|Z" 4+ a12" Y 4+ a2+ o ap 1T = | — an.

Formula (18) follows from Lemmas 3 and 4. Indeed, in the first case when
|Z| > « for all 0 < a < ¢ Lemma 2 implies formula (18) because |Z" +a;z" ! +
" 2+ a1 Z| = |2 AT a1 2 4 aeZ T a1 | > |Z 1] > | —an)-

Consider now the second case when |z < X for all 0 < o < (.

Then we shall prove that

12" 4+ a1 7" a4 ot a1 Z] < | — anl. (19)

Contradiction because as above it should be an equality.

We continue now the proving of Theorem 9. We have already proved that
there are two numbres a,b € R such that a < z < b. Really, by above provings,
|Z] < ag or |Z| > aio for some ordinal number ag € R¢. In the first case a = —ag
and b = o and in the second case a = 0%0 and b = a3 for some ordinal oy > Z,
if of course T > C%O; and @ = —ay for some ordinal oy > |Z| and b = —aio if of
course T < —O%O.

Let P,(z) = apx™ + a12" ' + ... + ap_12 + an, ap # 0, be a polynomial
function such that n =2k + 1, 0 < k£ < w and a,, # 0 because if a,, = 0, then
the polynomial P, (z) has an evident root Z =0 € R¢.

By the linear transformation ¢ : [0,1] — [a,b], given by formula ¢(z) =
(b—a)x 4+ a we can consider another polynomial function @, (z) = P,(p(x)) =
box™ + b1t + ..+ by 12+ by, bg = ag- (b—a) # 0, and b, = apa™ +aja” " +
.+ an—1a+ay, # 0 because a is not a root of P,(x), otherwise. Theorem 9 had
be proved.

Since ¢ : [0,1] — [a,b] can be also considered in No is a bijection, because
the inverse map ¢! : [a,b] — [0,1] is given by ¢~ (y) = ;2-y + -%; which
preserves the oders on [0, 1] and [a,b], i.e., if 1 < 22, then evidently p(z1) =
71(b—a)+a < 22(b—a) +a = ¢(x2) as well as y; < yp implies ¢~ 1(y1) =
ﬁm + -4 < ﬁyg + 45 = © 1(y2). Consequently, a < Z < b implies
0 < <1, where & = ¢~ 1(z).

One can easily check that & is a root of g, (z) because @y, (%) = P, (p(Z)
P,(z) = 0 and if we prove that & € R, then evidently z = ¢(&) € R¢ and
Theorem 9 will be proved.

We shall show that & = c+e¢, where ¢ € [0,1] C R and € ¢ [0, 1] and smaller
than each number in (0, 1].

Indeed, consider a normal form of Z:

= Z wYrg. (20)
0<B<a

Suppose that & ¢ [0,1] C R¢. Then there is a S-term in (20) such that
w¥srg ¢ [0,1] C Re, otherwise, it would be contrary to our assumption. More-
over, there is the smallest ordinal number 3y with such property because the

~—
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set of all ordinals is well ordered and hence all 8 with above property has the
smallest one. Thus,

= Z wY¥rg 4 Z w¥rg =c+e, (21)
0<B<Bo Bo<B<a

where ¢ € [0,1] C R¢, and )" wYrg is its normal form, ¢ ¢ [0,1] C R,
0<B<Bo
and ). wYrgis its normal form. Clearly, that |e| is small compared to any
Bo<B<a
number in (0,] C Re, ie., |e] <L for all 0 < a < (.

We can suppose that 0 < & < b, otherwise, 0 or 1 will be a root of g, (z) and
a or b will be a root of P,(z) and also Theorem 7 will be proved.

By Lemma 2, & = ¢+ ¢, where ¢ € [0,1] C R¢ and |e| < £ for all 0 < a < ¢,
moreover, ¢ # 0, because for ¢ = 0, by Lemma 2, [bge™ 4+ b1e" 1 + ... + b,_1¢| <
| — byl

By the same Lemma, |boe" +boe™ ~Le+...+nboec™ +b1e™ 1 +by (n—1)e"2c+
wetbi(n—1)e" ) + by ge] < | = boc™ — b1t — .. —by_1c— by

Thus, & = ¢ € R¢ and hence = (&) = p(c) = & € R¢ and Theorem 7 has
been finally proved.

Consider now the second case when |z < X for all 0 < o < (.

Then we shall prove that

|Z" + a 12" F a4 a1 E| < | — ap. (22)

Contradiction because as above it should be an equality. Lemma 3 implies
formula (22). Indeed, if contrary

17" + a12" " + 40"+ 4 an—1@] > | — anl, (23)

then take any ordinal number g such that O%O < |—ay| and obtain an inequality

|Z" + a1Z2" L+ a2+ .t an_17] > O%O what is in contradiction with Lemma
3. 4

9. Definition of exponential and logarithmic functions

Conway did not know of any power operation z¥ defined for all numbers y
and for all positive x but he defined the exponential function exp x provided
—n < x < n for some integer n and also he defined a natural function w® which
play a vital role in his theory of numbers. Moreover, he expressed his doubt
about the possibility of giving a natural definition of the function x¥ for infinite
y and said that “Nor does there seem to be any particular point of making these
definition“(see [4], p. 43). In this paragraph we dispel Conway’s doubts.

First of all, here are two definitions and some remarks we need for.

Definition 15. A Conway’s number x € No is called finite if for some
natural number n there are inequalities —n < z < n. Otherwise, x € No is
called infinite. The set of all infinite numbers in R C No we denote by ]Rznf

and the set of all finite numbers in R C No we denote by RZ . In our notation
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Rznf ={z € No|z < —o0, V& > +00,} and Rg ={z € No| —o0, <z <
+004 }-

Definition 16. By an infinite initial integer we understand a number x €
No whose normal form is the following: x = Y. w¥’'r,, where yo > 0, for

0<a’'<a

all 0 < o/ < a. We also call null 0 the only initial finite integer number.

One can see that each number z € No is a sum of an infinite initial inte-
ger x’ or the finite initial integer 2’ = 0 and a finite number z”. Indeed, let

> w¥rg be a normal form of . Then we put ' = 3 wYrg, where
0<p< 0<p<a’
ysg > 0 for all 0 < 3 < &' in the normal form of z and o' is the greatest or-
dinal with such property; if o’ = 0, then we put '’ = 0. Notice that, by
Conway’s definition, the formal sum > w¥rg is the simplest number (i.e.,

0<p<a’
the first-born number) whose S-term is w¥rg for all 0 < 8 < o’. We also put
= Y wYrgin the normal form of x and it is the simplest number whose

a’'<pB<a
B-term is w¥8rg for all o/ < f < « as well.

Then it is obvious that = 2’ + 2" and we call 2’ an infinite part of z and
2’ a finite part of z. Clearly, finite numbers z € R¢, ¢ = w*", 0 < p < Q,
have no infinite parts and infinite inegers have no finite parts. Moreover, all
these partial sums as well as z itself must belong to the set M., where «y is the
birthday of =, and hence if z € R¢, ( = w®", > 0, then its infinite part 2’ and
finite part  — 2’ are also in Re.

Denote by Z’ the set of all initial intergers of No, i.e., No' = {2/|z €
No& a2 = 0} and by No” = {z” |z € No}. Note that No” = No’ but
No" # No™ at all. It is clear that Z’ and No” are additive subgroups of No.

Definition 17. We say that numbers x and y are congruent if z —y € No”.

Plainly this is an equivalent relation whose equivalent Classes are convez,
ie., if x < 2z < y and x and y are congruent, then z is compatible with both.
Indeed, this relation is, evidently, reflexive since

z—x=0¢cNo";
it is also symmetrical because
x—y N0 =y—zcNo,
it is also transitive because
(r—yeNN&(y—2€N0")= (r—y+y—2€Nd")= (z—2¢€ Nod").

It is really convex because if v < z < y and z—y € No”, then x —z+2—y €
No” and hence x — z € No” and z —y € No”. If x,z,y € No” it is clear
because No” is a subgroup of No. If 2,2,y ¢ No”, then z — z,y — z € No”
because z —x <y—zand y — 2z <y — z since x < z < y.

Now we give a definition of exponential functions and logarithmic functions
with domains X = No and X € No", where No™ = {z € No |z > 0}, respec-
tively, and hence a definition of expotential functions and logarithmic functions
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with domains X, = (—oo¢, +00¢) and X¢ C ( +o00¢) of Re, respectively,

oo
for all ¢ = w*”, where 0 < p < Q. It can be compared

First, as mentioned above, Conway defined the expotential function y =
e® and logarithmic function y = Inz with domains X, = (—o0,,, +00,) and
X, = (ﬁ, +00,,), respectively, by power-series which are convergent in these
intervals (see [4], p. 43) using his result that power-series with real coefficients
is always absolutely convergent for all infinitesimal valuses of a variable (see
Theorem 23 in [4], p. 40). Scheme of this construction is the following. At the
beginning y = e® and In(1 + z) are defined on the interval (—ﬁ, —|—+01% ), or
for infinitesimals ¢, i.e., —% << —|—% for all natural numbers n > 0, by the
following formulas:

- 22 "
[ :1+1‘+§++F+ (24)
and
1‘2 133”
In(1+ z) :x—?—l—...—&—(—l)"_ —+ .., (25)
n

respectively, which uniquely define Conway’s numbers because of the fact that
power-series with real coefficients is always absolutely convergent for all in-
finitesimal valuses of a variable.

Indeed, for each infinitesimal § formulars 24 and 25 define uniquely numbers
e® — 1 and In(1 + 6), respectively. Really, if § > 0, then

52 " 52 52 52 1 1
6* = —_— — = —_— —_— — p— J—
e —1=0+ 51 + .t pr +...={0,0+ 51 e 04 51 + .t 2!,...|1, 5 n,...}.
(26)
If 6 < 0, then
52 o 1 1 52 52 52
5
—1= — 4t —+...={-1,—, ..., ——, ... — .. — 4.4+ —=, ... 1
¢ R M e L TR L s +2!’(2i)

Similarly, if § > 0, then

52 o 52 52 o" 1
In(1 =0——F. (=) = —— O — A (=D)L, =, =
n( +6) 6 2+ +( ) n+ {676 2’ 76 2+ +( ) n? | 72? 7n7
(28)
If § <0, then
52 o 1 1 52 52
In(146) = 6——F.. (=) —4. = {1, ==,y ——, . | 5, 0——, .0y 6= —F...
D4) = 6= ()" e = {60 6
(29)
For arbitrary x € No such that —oo,, < z < 400, and —— < 14z < 400,

+00w
respectively, there are real numbers Z such that x = T + §, where § is an
infinitesimal 6, and we put e® = e*% = ¢ . ¢’ and In(1 + z) = In(1 +Z +0) =
In((14+z)(1+ 1%_5)) =In(1+z)+In(1+ 1%_5), respectively. So there is a bijection
1
Foou !

between (—o00,,, +00,,) and ( +00y,), given by y = e* or by Iny.

25



Actually there is much more broad extension of functions y = a® and y =
log, x for all numbers x € No and for all x € X C No™, respectively, where
L < a < 400, such that a # 1, in particular, for all z € R¢ and for all

+oou
mGXCCR?,Whereae(Jroo, ) C R¢ such that a # 1.

Theorem 10. Let a € No be a fired number such that Toon < @ < F00y,
and a # 1. Then there are functions y = a* and y = log, x, defined for
each x € No and for each v € X C No™, where X is some definite subset
of No™, repectively, which are inverse with each other and when a € R, then
the restrictions of these functions on R and RY are the real-valued expotential
function and logarithmic function, respectively.

Proof. As mentioned above, Conway defined the functions y = e* and
y =1Inz on (—oo,, +00,) C No and (_~_Oo ,4+00,,) C No™, respectively, which
are extensions of real-valued functions y = ¢* and y = Inx, when = € R and
x € R+ respectively

and

Inz

a # 1, when we put y = a” and y = logaa: = o, Which are

well-defined above for all z € (—o0,,, +00,) C No and all z € (+;OW ,+00,,) C
No™, respectively, and are inverse with each other; moreover, when a € R, then
the restrictions of these functions on R and R are the real-valued expotential
function and logarithmic function, respectively.

We have to extend them to the fucntions y = o” and y = log, « for all
numbers z € No and z € X € No™, respectively, where X = X~ U XU X+,
X0 = (552 ) and X~ U Xt will be defined further.

Suppose at first that @ > 1. At the beginning we define y = a” for every

— ( lna)a, — lnaa:

number z € No such that £ > +oo,,. For z = w we put a* def w. For all other
x > 400, we consider x = 2’ + x”, where 2’ and z” are infinite and finite part
of z and put, by definition, the value of the function a®, given by the following
formulas:

’ 1 def ’ 2! def 2! N
g +a a® T (30)

a -a® = we -a”

’

where the latter expression w® is uniquely defined by formula (5).
Clearly, if x1,z2 € No such that z;,x2 > +00,, then

x| +ah

qTitT2 ar el abtal _ g (@hreb) (el day) — TR patal

@x T ’E”

= w Wl + . wl +x2 = Ww wl w72 . a‘v/l/ . aa:/z/ = aw/l . awz . awl . aI/z/ — (31)

_ ! ! zl) +:E” z! +w” _ 4T1 T2

_a .al.az.az_al 1 .q”2 2 =qQq .a7

’”/1 r2

by a correct formula we % =w
p. 33.)

If x € No such that z < —oo,,, then we put a”

)

21, Ts < —00,, We obtain a®1 %2 = 1 1

’
Z1
w

W (see Theorem 20 in [4], Theorem 21,

. It is clear that for all
L — g%1.q%

a1 g Tl.g 12_(1*11 a—T2
At last, if @ < 1, then for each z € No we put a® = ﬁ Indeed, a® =
f 1,a ! = (;;71 = % and for every z1,z2 € No such that z1,zo > 400,
we obtain
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A = e = @ - A (32)

Notice also that for any two numbers 1, x2 € No such that ™ = a®2, then

a®l

2 =1 and also a® %2 = 1 thus 1 — 22 = 0 and 1 = x5 whenever a > 1 or

a2
a < 1. Thus the exponent function y = a” is injective.

Remark 2. In the definition of a® = w® we did not use here usual formula
in real numbers R as (a?)° = a”¢, which does not work for ininfinite number,

«_ otherwise, for

ie., a” = s = (a¥)& = w', because, e.g., a®>* # (a?)
2 =2-w =1’ we should obtain a2 = (a2)* =w # w'e = w?.

Let a € No™ such that a # 1. Now we are going to define y = log, = for
some (not all) numbers = > +o0,,.

Definition 18. By X C No™ we denote the set of all z > 400, such that

in a canonical form )" w¥ -rg of  the number yo = >, w* - s, has
<< 0<y<ap
the following property: z, > —1, for all 0 < v < ag, where Y~ w* -s, is
0<y<ao

a canonical form of yg. By X~ C No™ we denote the set of all 2 € No™ such
that 2 € X*. And at last, by X° we denote the set (—1—, +o0,,).

+00,,
Lemma 12. z € X1 if and only if there is a number y € No such that

x =a¥. Also x € X~ if and only if there is a number y € No such that = ai

o

Proof. If z € X, then we consider a canonical form z = Y. w¥ -rg,
0<B<a

where numbers ys form a descending sequence, i.e., yg > yg for all 0 < g8 <

B’ < a, and rg are real numbers. Since z is a positive number hence ry > 0 and

thus we can write

r=w" rg-(1+9) (33)

where ,
0= Z wys—vo . B (34)

0< < "o

and J is an infinitesimal number.
Now we can define y as a value of the logarithmic function in a point x by
the following formulas:

y:logamdéfw-y0—|—loga7‘0—|—loga(1—|—5), (35)

which is well-defined because log, r¢ real-valued logarithm and log,(1 + ¢) is
defined above because 146 € X°. It is really an exponent whose power a¥ = z.
Indeed,

a¥ = q@yotlog, rotlog,(1+8) _ ,w-yo, log, ro, 4log, (14+6) wyo_ro,(1+5) =z, (36)

because a¥’¥ = w¥ since w-yp = ». w> .5, by our definition of X,
0<y<ap

and zy +1 > 0 for all 0 < v < o, and thus the formula a“¥° = w¥ is correct.

Consider now an arbitrary number y € No such that y > +oo,,. We have to

prove that a¥ = z € X+. We know that y = 3y +y”, where ¢/ is an infinite part
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of y and y” is a finite part of y. Thena? = a¥ t¥" = w& .a¥" = 2 € XT. Indeed,

consider a canonical form > w¥8-rg of z. It is clear that yo = y;’ because the
0<B<a

canonical form of w™ is w itself and the canonical form of +%.C <a¥’ < +oo,
is the following: w®-79+ > w® -sg. Thus the caninical form of z is the

0<B<
. y il y

following: we - (W% 7o+ Y w®*-s,) =we 1o+ Y w»te.s,. And

0<f<a 0<~<a
! !
. Yy ¥ . .
sincez = Y, wY.rg=wwv - -rg+ > w5, we obtain the following
0<B<a 0<y<a

equality: yg = % and thus the canonical form of )  w® - s, of yo has the
0<y<aq
following property: z, > —1 for all 0 < v < ay. Indeed, let > w' - s, be
0<y<an

a canonical form of y'. Since ' is an ininite initial integer then, by Definition
18, ty > 0 for all 0 < v < a; and thus z, > —1 for all 0 < v < a; because
zy=1y—1forall 0 <vy<aj.

If x € X, then % € X T and, by the first part of proving, it is iff there is a
number y such that 1 = a¥ and hence z = 4. O

And it is the end of proving Lemma 12.

Now we continue the proof of Theorem 8. For each z € X~ we put y =

1

log, z = —log, % Really it is needed logarithm because a~ '°8a F = P

= X.

8 ==

Thus, we have defined a logarithmic function y = log, « for all z € X =

X~ UX%UX™ by three formulas on each component of X.

At last, if a < 1, then we define y = log, x def —logi x for all x € X =

X" UX'UuXxTt.
Notice that for every z1,2o € X~ U X% U X7 there is a natural formula

log, (z1 - x2) = log, x1 + log, 5. (37)

Indeed, consider canonical forms of numbers x; and x4, respectively, in informed

kind (33) 21 = w¥" M (146MW) and 2, = w?s r{P (14 6®@), respectively.

Then by formula (35), we obtain the following formulas:

log, z1 =w - yél) + log,, rél) + log, (1 + 5(()1)) (38)

and
log, ¥ = w - y(()Q) + log, r(()2) +log, (1 4+ 6(), (39)
respectively.
Consider now
log, z1 + log, x2 =
w-y§? +log, r!) +log, (1 + 1) 1w -y +log, i + log, (1+6®) =
w - (y(()l) + y(()Q)) + log, 7“(()1) + log, r(()Q) +log, (1 +6W) 4+ log, (1 + 6P =
w- (o) +u5”) +loga(rg” g - (1460) - (146))
(40)
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One can see that

alogq 1+log, o5 _ qw-(ys +y$?)Hlog,, (r§" r(P - (145M)-(1452)))

Wt ™ D (1460 - (1462) =

1 (41)
s .T(()l) S(146M) ¥ .T(()Q) (1409) =
Ty - vy = a8 (@1:72),
Thus the following formula
log, z1 + log, x2 = log, 1 - 2. (42)

O

Corollary 7. For each fized number a € No™ such that a € X' U X+
there is an exponential function y = a® whose domain is No and whose rang of
values is X~ U X there is a logarithmic function y = log, .

Proof. If a € X! U X, then, by Theorem 20 in [4], there is a well-
defined value log, a for any number b € (=, +oc,,) such that b # 1. Then

+00,,

T d;f pr-logy a

for each € No we put y = a This number »*1°8 ¢ uniquely
defined by Theorem 20, and the definition of a® = b®'1°8 @ is correct. It is clear

that such definition of a® does not depend of a choice of b € (ﬁﬁroow),

b # 1. Indeed, for any ¢ € (ﬁ,-l—oow), ¢ # 1 we obtain a® = ¢*1°8:¢ =
1 ... logea loge a .
OBt Tt = ((loBeb)T st = pTlos @ Moreover, for any zq,z2 € No we
have %1122 — b(z1+a;2)-logba _ ba:1~logba . bzg-logba — g% . g2,
def 1 . .. .
Then for each x € X+ we put log, x =y lggbz. This definition is also
b

correct since numbers log, x and log, a are unuquely defined by Theorem 20,

and logy a # 0 because a > +o0o,, or 0 < a < —

+ooy °
logy, © log a logy, @ 1
One can see, by formula (30), that a™ss = b >0 " Tospe = o8 * = g,
: + ) _ logy(z1-w2) _ log,aitlog,za _
Moreover, if z1,20 € X T, then log,(z1 - z2) = e Tog, =
log;, 1 Zo

= log, x1 + log, z2. Clearly, a definition and properties of log, =

log, a log, a

do not depend on a choice of b. Indeed, for any c € (+Olcw ,+oow), ¢ # 1 we
. _ log.xz _ log.x . log. b _ logyx

obtain lOga.’E ~ log.,a = log.b log.a ~ log,a’

If x € X—, then % € Xt and we put log, z = —log, % (Il

Remark 3. Notice that for a = w and x € No such that z-w € Z’ the value
w” in Conway’s definition coincides with ours here. Indeed, w® = b*1°8s« = p=w
and b7 9yt — e O

Corollary 8. Let R¢, ¢ = w0 < 1 < Q, be a topological space with R¢-
topology, i.e., a lineary-ordered topology, and a € Rz' NX be a fixred number such
that a # 1, Where X = X~ U XU X*. Then there are continuous functions
y = a® whose domain is X1 C R¢ and whose range of values is Xy = aX1),
and y = log, x whose domain is Xo and whose range of values is X1, which
are inverse with each other, and when a € R, then the restrictions of these
functions on R and Rt are the real-valued exponential function and logarithmic
function, respectively.
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Proof. Let a € R N X be a number such that a # 1, ( = w0 < < Q.
By Theorem 20 and Corollary 7, there are functions y = a” and y = log, x,
defined for all # € No and for all z € X = X~ U X°U X+ (when +Olo <

a < 400,) and for all z € X~ U {1} U Xt (when a > +oo,, or a < ——),

“+00y
respectively, which are inverse with each other and when a € R and each z € R
and x € RT.

Consider now the restrictions of them on R and RZ N X, when a € XY,
and on Re N (X~ U {1} UX™*), when a > +o0,, or a < -1, respectively. We

+o00,,?

define X; = {z € R¢|a® € RZF N X} as a domain of the funcion y = a” in R

and its range of values is Xo = a(*1). Then we define a function y = log, « in
R. as a restriction of y = log, * on X, where, evidently, Xy = R? NXisa
domain of the function y = log, = in R¢ and its range of values is X;. Clearly,
the restrictions of these functions on R and R are the real-valued expotential
function and logarithmic function, respectively.

We have to prove now that y = a® and y = log, « are ¢-continuous functions.

Notice that functions y = a” and y = log,  are monotone, more exactly,
for a > 1 their are monotonic incresing and for ¢ < 1 their are monotonic
decreasing. Indeed, if x1, 22 € X, such that 77 < z3 and a > 1, then a%2 —a®! =
a* - (1— Z:) =a"-(1—a®~*2) > 0 and hence a®* < a®2. If 1,29 € X; such
that 1 < 2 and @ < 1, then a®2 —a™ =a®?- (1 — Z:;) =a"-(1-a™7%2) >0
and hence a”* > a®2.

Since y = log, = is an inverse function to y = a®, then it is also monotonic
increasing for ¢ > 1 and monotonic decreasing for a < 1.

Now if we suppose that y = a® is not continuous (say) in a point zg € Xi,
then there is a number ¢ € (0,1) C R¢ such that for each L € R, 0 < a <,
there is a number z, € X; with |_ma — x| < é and |a®> — a®| > e. We shall
show that there is a number § € X5 such that there is no z € X; with a* = g.

Really, if x, > zg, for all 0 < a < (, then for all x > zy we obtain
|a® — a®| = a® — a® > ¢, by monotonic increasing function y = a®, for a > 1
and some 0 < « < ¢ such that ¢ < z, < z, because a** < a*; and |a® —a™| =
a® — a® > g, by monotonic decreasing function y = a®, for a« < 1 and some
0 < a < ¢ such that zg < z, < x, because a® > a”. Thus, a desired number is
y = a”™ + 5 (a possible, in general, case for a discontinuous monotone function
when it is continuous from the left and break from the right).

If 4 > o, for all 0 < a < ¢, then for all x < 2y we obtain |a* —a®| = a®° —
a® > e, by monotonic increasing function y = a*, for a > 1 and some 0 < a < ¢
such that z < z, < xg, because a”a*> < a®; and |a® — a™| = a® —a™ > ¢, by
monotonic decreasing function y = a”, for ¢ < 1 and some 0 < a < ¢ such that
T < xTo < xo < T, because a®> < a”. Thus, a desired number is §j = o™ —
(a possible, in general, case for a discontinuous monotone function when it is
continuous from the right and break from the left).

If 2o > xo and x4 < x¢ for all o/, a” € (0,() such that {a’} and {a”'}
are co-final in (0, (), then for all > zy we obtain |a® — a™| = a® — a™ > ¢,
by monotonic increasing function y = a®, for a > 1 and some 0 < & < ¢ such
that 9 < xo < x, because a*~ < a*; and |a® — a®°| = a® — a® > ¢, by
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monotonic decreasing function y = a®, for a < 1 and some 0 < o < ¢ such
that zog < 24 < @, because a”=” > a®. Thus, a desired number is § = a®° & 5,
(a possible, in general, case for a discontinuous monotone function when it is
break from the right and break from the left).

In all cases the existence of  contradicts to the fact that § € X, since
a™ te=a"- (1% 5)=a"- '8 (1£575) = grotlos. (14 555) and, by Lemma
12, T = 29 + log, (1 £ -55) € X1. Moreover, X; and X, are bijective and this
bijection if given by y = a®. Hence there is a number Z such that a® = 7 .
Contradiction.

Thus, y = a® is continuous and by strictly monotonity of it.

Absolutely analogously, y = log, « is a strictly monotone continuous function

. 1 . .
in R¢, where Toor << +oo¢ and we omit this exposure.

10. Trigonometry in No and (-trigonometry in R;, ¢ = W, 0< <

Conway defined trigonometry functions y = sinx and cosx for all numbers
x € (—00y, +00,,) by the following steps.

First, he used the following formulas for all infinitesimal — +010_) o< +;%
3 2n—1
ing—x— - -t P
sine =2 — 5 +...+(-1) @1 + ... (43)
and
.’)32 nxQn "
cosx—l—i—&-...—i—(—l)%—i-... (44)

Then for each infinitesimal § formulars 44 and 44 one can define uniquely
numbers sin d and cos §), respectively. Really, if 6 > 0, then

. 3 2n—1
sméch—%—i—...—i—h—&—...: (45)
3 3 4 s2n—1
={6,6— %, 6 -5+ ..+ (-1 1%, RO O S 5
If 6 < 0, then
A 3 2n—1
sind = f%+...+ﬁ+...: (46)
3 3 2n—1
={1,3 L 65 —5, -5+t (—1)n—1h, ns
Similarly, if § is an arbitrary such that § # 0, then
2 4 2n
005(5—1:—‘;—!—i—i—!—...—l—(—lz)"‘;—%—&—...:z , .
={-1,-3, . L =& -+ S+ S+ ()" )
(47)

A second step is the following. Since every number = € (—o0,,, +00,,) has a
. d . . .
form x = 2’4+, where 2’ € R, then sinx = sin(z’+9) = sin2’-cos §+cos 2’ -sin &

def . .
and cosz & cos(z’ + 0) = cosa’ - cosd + sinz’ - sin 4.
A third step is an extension of sinz, cosz and tanz from(—oo,, +00,,) to
(—oo¢,+00¢). For each z € R¢ there is a decoposition x = 2’ + z”, where
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z' is an initial ineger and z” is a finite number. Then we put sinz = sinz”,
cosx = cosz” and tanx = tanz”, respectively, if in latter case cosz” # 0.

We denine these trigonometry functions on R¢, ¢ = w0 < po< Q, as
sinz = {sinz} NR¢, sinz = {sinz} NR¢ and sinz = {sinz} N R¢, where
{sinz}, {cosz} and {tanz} are already defined in No. It’s not so obvious that
sin(R¢) C R, sin(R¢) C Re and sin(R¢) C Re, respectively. But it is so if one
defines them in R, geometrically as functions of angles —360° < 6 < 360° on the
¢-circle S¢(0,0) with radius r > 0 and the center in the origin (0,0) as the set of
all points A(z,y) in R¢ x R¢ satisfying the following equation: 2% +y? —r2 =0
and replace the angles with radians=z, 0 < z < 27 for sinz and cosz.

Consider now C¢ = {z | z = a + bi, a,b € R¢, i* = —1} in Theorem 16
which is a closed field with the following operations:

z1 + Z9 = (a1 —+ ag) —+ (bl —+ bQ)i, (48)

2129 = (alag — blbg) + (a1b2 + agbl)i, (49)

21 m + byi _aiaz + biby  ai1by — a2b1i (50)
Zg_a2+bgi_ a2+b2 a2+b2 ’

where zy # 0.

The trigonometry form of z = a + bi is clear: z = r(cos6 + sin i), where
r=lzl =Va2+b% > 0,0 € [0,2r), cos§ = ¢ and sinf = 2. Then 21 - 20 =
r1ra(cos(01 + 62) + sin(6y + 02)7).

Let S¢ be the unit circle, i.e. S; = {z] v € C¢, |z| = 1}. Then S, is a
multiplicative group (S¢,-).

Proposition 6. There is a continuous homomorphism ex : Rc — S of the
additive group (R¢, +) to the multiplicative group (S¢, -), given by the following
formula:

ex(x) = cos2mx + isin2nz, x € Re. (51)

Proof. Let z,y be arbitrary numbers in R.. By formula (51) and formulas
cos(xz 4+ y) and sin(x + y) , we obtain ex(x + y) = cos2n(xz + y) + isin 27 (z +
y) = (cos 2wz cos 2y — sin 27z sin 27y) + i(sin 27z cos 27y + cos 2wx sin 27y) =
(cos2mx + isin 27x) - (cos 2wy + isin 27y) = ex(x) - ex(y). Thus, ex is a homo-
morphism.

Since Ry and S¢ are groups it is enough to verify the continuous of ex at
the point x = 0. We consider the topology on S as the topology induced by
the topology of Cartesian product topology of R on C¢; = R¢ x R¢ and the
topology on R¢ is a topology defined by the linear oder on it. Let U be any
neighborhood of the number 1 € S;. Then there are neighborhoods, say (a,b),
a <z <b, of 1and (c,d) of 0 in R¢ such that (a,b) x (¢,d)NS C U. Let A and
B are the intersection of S¢ and the boundary F'r([a,b] x [¢,d]) of [a,b] x [c, d]
in C¢, say A with negative ordinate and B with positive ordinate. And let a’ be
the length of an angle ZAOC and ¥’ the length of an angle ZBOC in radians,
where C/(1,0). Consider the following open neighborhood (—a’,t’) of 0 in R¢.
Then for each x € (—a’,b") we have ex(z) € U. Then for any neighborhood U

32



of 1 € S¢ we see that for V = (a,b) the inclusion ex(V) C U fulfills. Thus, ¢ is
a continuous map at the point 0.

Another proof is to show that ex : R — S¢ is a local homeomorphism.
Indeed, for each point x € R¢ the restriction ex|(m_ 1atd) is a homeomorphism
(x— 4,2+ 1) onto S¢ \ {ex(z)} because ex(z) = ex(y) iff # —y — tr(z —y) is
an integer in Z C R, where ¢r(z — y) is a transfinite part of x — y. But each
local homeomorphism is a continuous mapping. [

Theorem 11. Every polynomial p(z) = 2"+ Az" 14+ Bz" 24 ...+ K, where
A,B,..,K €C¢, has a root in C¢.

Proof. Consider the case when K # 0, otherwise, the root zg = 0. For
every p which has no root on Sy C C; we define a map p : S — U¢, where

U, def {#z|z € C¢ & |z| = 1}, by the following formula:

. p(2)
p(z) = , (52)
p(2)]
and prove Theorem 11 in two steps:
1). If p has no root z with |z| < 1 then deg(p) = 0.
2). If p has no root z with |z| > 1 then deg(p) = n.
For case 1). we consider the deformation p; : Us — U, given by
A p(tz)
pe(z) = . (53)
Ip(t2)]

Clearly p1 = p and po =constant which is equal 1 or —1, hence deg(p) = 0.
For case 2). we consider the deformation p; : Us — U, given by

q(z,1)

Pe(2) = m’

(54)
where .
q(z,t) = t"p(;) ="+ t(A" T B 4 L+ t"TK). (55)

The right side of (55) shows that ¢(z,t) is continuous (even when ¢ = 0). Cleraly
p1 = p and po = 2", hence, deg(p) =deg(po) = n, what is in contradiction with
case 1). where deg(p) = 0. This contradiction can be removed only when there
is zp € C¢ such that p(zo) =0, i.e., p(z) has a root, and the above deformation
in case 1). is impossible.

By deg(p), i.e., degree of a map, we understand the following. Consider a
continuous map s : [0,1] — U, such that given by formula s(t) = cos(2nt) +
isin(27t). Then for composition p o s there exists a continuous mapping 7 :
[0,1] — RY such that ez o7 = pos. Indeed, 7 is given by the following formula:

7(0) = exp(xo), T(t) = 5= In(p(s(t))), t € [0,1], where x¢ is any element in

27
RY such that ex(zg) = p(s(0)). Now we define a degree deg(p) as an integer
7(1) — 7(0). This deg(p) is homotopy invariant. We omit details.

11. Appendix and last remarks: -3X (Vz)(z € X) vs IX-{X}
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Finally we consider a linear ordering topology on No and elucidate what
transfinite 2-fundamental sequences of numbers in No can be called convergent
and what transfinite 2-fundamental sequences of numbers in No can be called
non-convergent in this ordering topology on No.

Definition 19. A mapping z : (0,\) — No is called a transfinite sequence of
a type A of Conway’s numbers in No, or A-transfinite sequence in No, or shortly
a A-sequence in No, when A is a limit ordinal number such that w < XA < Q). We
denote it as above by (24 )o<a<-

Definition 20. We say that Q-sequence (24 )o<a<o in No, converges to

a € No, and we write liIana = a, if for each positive number ¢ € No there
0<a<

is an ordinal number ag € (0,Q) such that |z, —a| < € for all ap < a < Q.
In this case we also say that Q-sequence (z4)o<a<q is convergent in No. If

limﬂxa = 0, then (24)o<a<q is called an Q-infinitesimal infinite sequence in
0<a<

No, or shortly an Q-infinitesimal in No.

Definition 21. An Q-sequence (24 )o<a<o in No, is called fundamental or
a Cauchy Q-sequence, if for each positive number € € No there is an ordinal
number o such that |z, — x| < g, for all ap < a <o < Q.

Definition 22. Two Q-fundamental sequences (z4)o<a<o and (Yo )o<a<g in
No are Q-equivalent, denoted by as (24 )o<a< ~ (Yo )o<a<q, if for each positive
number ¢ € No there are ordinal numbers ag and «f such that |z, — yor| < €,
for all ap < a<Qand all o <o’ < Q.

One can see that if lim x, =a and lim =b, then lim (x =
0<a<q” @ 0<a<a e 0<a<Q( ot Ya)

a+b, 0<lianéﬂxa Yo =a-band 0<liané§z 2= = ¢ (latter when b # 0).

Recall here the definition of a Dedekind section (L, R), induced by an Q-
fundamental sequence (x4 )o<a<q. We put L as the subset of No of all [ € No
such that there exists an ag and inequalities [ < z,, for all oy < o < 2 and put
R =No\ L.

By the above experience, we can denote No as Oq = R = P and consider
only Q-sequences (x4 )o<a<q in Po and try to conceive what I@Q could be.

If Q-fundamental sequences (x4 )o<a<q in Pq is non-convergent and (L, R)
is a Dedekind section in Pg, induced by (24 )o<a<q, then we cannot consider
a mathematical object like R as a completion of Pg in the given Q-topology
one of its elements is (L, R), because Dedekind sections in Pq, induced by all
Q-fundamental sequences (x4 )o<a<n as well as (L, R) itself, are illegal in a
von Neumann-Bernays-Godel-type set theory NBG and thus (L, R) € Rq is
not well-formed formula in NBG since these sections are proper classes and
thus they are not elements of any sets or classes. In particular, there is no
object {(L,R)} in NBG or what is the same 3X—-{X}. On the other hand,
AX (Vz)(M(z))(z € X) is a true formular.

But, nevertheless, there are operations in NBG like X UY, X NY, X \Y
etc., which are legal in NBG because they are defined only by elements of X
and Y. Thus we can define a sum, product and quotient of two Q2-fundamental
sequences (Zq)o<a<0 and (Yo )o<a<q in P as (Za + Ya)o<a<qs (Ta - Ya)o<a<o
and (;—z)o<a<g (latter when (yq)o<a<q is not a Q-infinite small sequence), re-
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spectively, which are also 2-fundamental. Moreover, these proper classes (i.e.,
Q-sequences themselves and induced by them Dedekind sections in Pq, or even
lower classes L as well as upper classes R of sections (L, R)) are gaps of the
first kind in the sense of Conway [4], p. 37-38 and thus we have defined the
operations +, - and / on these gaps, which do not depend on a choice of equiva-
lent classes of Q2-equivalent 2-sequences, and thus these gaps can be understood
somehow or other as new numbers in spite of the fact that they are inhibited
in NBG and they together with Pg, whose elements (numbers) can be identi-
fied with Dedekind sections in Pq with extreme numbers, form a linear ordered
Field. One can see that if a Dedekind section (L, R), induced by Q-fundamental
Q-sequence (Zq)o<a<q, has extremal elements, i.e., the greatest number in L or
the smallest number in R, then these Dedekind sections define Conway numbers
which are these extremal elements and operations on them (sums, products and
quotients) of Q-fundamental Q-sequences coincide with corresponding opera-
tions of Conway numbers. Thus such sections are forms of all Conway numbers
and sections which, induced by an 2-fundamental Q-sequence (z4)o<a<q, have
no extremal elements are forms of new numbers which are out of No. Note that
the collection of all these gaps (numbers) is even improper class (which together
with Pg should be Rg) and thus beyond the border of the University of all sets
in NBG. Notice also that the gaps of the second kind are also numbers but we
cannot define operations by means of elements or subclasses of Pg. But it is
possible by the following considerations.

One can consider more wide formal set theories which allows proper classes
be elements of super classes (see [8], p. 119-153), then Rg is a legal object in
such theories and it is a topological field (in Q-topology) and we can extend
it to R, for ¢ = w“’ml, which contains all gaps of No including the gaps of
the second kind in the sense of Conway. Thus, considering the above cases, the
formula —3X (Vx)(€ X) is true, in general.

If we recall Cantor’s definition of the first derivative set P’ of a fixed P as
the set of all its limiting points, then further derivatives of this set may in some
cases either end in an empty set, or become a perfect set whose derivative set
coincides with it. In the first case, the sequence of derived sets determines the
ordinal number o when the (a + 1)-derivative P! is equal to the empty set.

In our case No = P with Q-topology we can construct an example of a

properclass P= |J P, C[0,1] C No such that P = a%rl, 0<a<,and
0<a<

PO = P and P = {0} with the following order P(*) 5 P(®*1) o o < a+1,
0 < a < Q. Thus proper classes P(*) C No, 0 < a < €, and the set {0}
determine all ordinal numbers including €.

Here is a construction of this example P.

Put Qo = {0}; put Py = Qo; clearly P, = {0} = 0 thus P, presents the
ordinal 0.

Put Ql = (QO + {Ov L %’ %’ ] éa "'}0<a<Q) N [Oa 1]; put P = Ql n [%71];
clearly (P{) = {1} =0 thus P, presents the orninal 1.

Put Q2 = (Q1 +{0,1,3, %, ... L, . Jocaca) N[0, 4]; put Py = Q2N [3,4];
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clearly (Py) ={3} =0 thus PQ presents the ordinal 2.

Put Q?) - ( 2 + {0 17 2 37' ’a" }0<O¢<Q) N [07%]7 pU-t P3 = Q3 N [%7%]7
clearly (P§") = {1} = 0 thus P; presents the ordinal 3.

Put Q, = (Qn 1 + {0,1 7, ,a,. Jo<a<q) N[0, %], put P, = Q, N
[ £]; clearly ( ) {1} =0 thus P, presents the orninal n.
Pt Qo=( U @Q.Nn N [0, %], put P, = QuN () [%,%], clearly
0<n<w 0<n<w 0<n<w

(P2Y ={L1} =0 thus P, presents the orninal w
Put Qw-‘rl - Qw {O 17 29 37' 7(17' }O<a<Q) n [07 i]? put Pw-l—l = Qw N
[, 1]; clearly (Pu(ff{l)) = {45} =0 thus P, presents the ordinal w + 1.

Put Qs=( U Qa)N N [0.3iput Ps=Qsn (N [5, 5] (Here Bis

0<a<p 0<a<p 0<a<f
a limit ordinal.); clearly (Pg)’ = {%}’ = () thus Pg presents the ordinal j.

Put Qy = Qy—1+{0,1,3,%, .., 2, .. Jocaca) N[0, 7] (Here «v is not a limit

ordinal.); put P, = Q, N [’YT %} clearly (P("ﬂ ) = } = 0 thus P,
presents the ordinal ~.

fraclfy

P=( U P,);clearly (P®)" = {0} = () thus P presents the ordinal €.

0<a<)

Notice, first, that by a sum of of two classes S and T we understand S+7T = def
{s+t|se S&t € T} and, second, U = P + @)1 has the following property:
U = @, and thus (U)” = (P,)” = {0} = (. Consequently the class U and
all its limit points determine an ordinal number €2 + 1 and such similar process
has no boundary.

We are going to explain this state of affairs.

In spite of the fact that the formal logical system N BG is convenient in many
cases (e.g., Conway theory of numbers and games, as well as Category Theory
and many other mathematical theories and constructions) by the finiteness of
its axioms, by existence of universal objects (proper classes) identified with
“properties” or “singular proposition functions“, etc., there is a lack in it which,
by thought of P. J. Cohen, the “theory NBG is a less intuitive system than
ZF“([3], Cpt. 3, §5). Indeed, such formal systems are very formal and they
were inputed to avoid so-called set-theoretic paradoxes of Russell’s type. Often
these “tricks“ (proofs by contradiction via paradoxes) were out of contents and
concepts of mathematical notions and definitions like “reflexive sets“, “universal
objects®, “premises of false propositions®, “undetectable objects“, etc.

The only correct and meaningful conclusion from Russell’s paradox is the
following: “Any family of non-reflexive elements is always non-reflexive and is
not contained in the original family“. As a consequence of it is the following:
“There is no universal families like all sets, all ordinals, all groups, all rings, all
fields, etc.“.
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An attempt to restrict some families (such as proper classes) to be members
of other families is formal and contradicts with the first statement. For example,
the first axiom of the existence of classes in the NBG theory is the following:

IXVuvo(< u,v >€ X) © u €, (56)

where < u,v >= {{u}, {u,v}} is a Kuratowski ordered pair, exactly repeats
Russell’s paradox because < X, {X} >= {{X},{X,{X}}} is a pair < u,v >,
where u = X, v = {X} such that < u,v >¢ X. But Axiom (56) requires a
relation < u,v >€ X what is evidently false when NBG has a Regular axiom.
The authors of the monograph [2], p. 59, cite the following formal theorem

of first-order logic:
~JaVylyEr < ~(yEy)] (57)

without any assumptions about the notion of set, other than that the displayed
predicate determines a unique set, independent of what E happens to mean. The
authors of the mention monograph mean of course the substitution rule: if under
the assumption that such a set x exists, i.e. the formula (3zVy[yEx < —(yEy)])
is true, where y is a variable and x is a constant of above propositional form
(yEx < —(yEy)), then we substitute x instead of y into it and obtain the
paradoxical formula

zEz < —(zEx) (58)

which implies, by formal methods, that there is no such x or in NBG theory a
premise that x is a set, i.e., M(x), by the logical rule B = A&—A = —B, obtain
that =M(x), i.e., x is a proper class. Due to a contradiction it is easily to deduce
(see this conclusion in detail in [7], Chapter III, §1, p. 173) that there is no such

set, i.e., x does not exist. In particular, if the Russell class R e {z|z ¢ =} is
understood as x, and the membership relation € is understood as FE, then the
assumption (FIRVy[yER < —(yEy)]) implies (R € R < —(R € R)), and thus
the Russell’s paradox is obtained.

(Note that if the same Russell class R is understood as z, and the non-
affiliation relation ¢ is understood as F, then the assumption (3RVy[y ¢ R <
(y € y)]) implies formally the same Russell’s paradox R ¢ R < —(R ¢ R)) =
R € Risobtained, although, as we will see below, there is a qualitative difference
between them.)

A formal axiomatic method is very important in modern mathematics es-
pecially in its foundation. “It is also important that a proof satisfying our
strictness condition should remain valid for any interpretation of the logistics
system, so that we ultimately get savings due to the fact that various things are
proved by a single reasoning. The amount of savings is determined by the fact
that there is no need to repeat an indefinite number of times proofs that coin-
cide in form but differ in content, so how can they be held all at once once and
for all“ (see [5]). But often these advantages can also become a disadvantage
due to its formality. We can illustrate this with the following specific examples.

Let E in (57) be a predicate <cqrq, i-€., an inequality of cardinality (power)

of sets: y <cqrd @ =4 Card(y) < Card(x), where Card(z) is a cardinal number
corresponding to the cardinality (power) of a set x.
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Then (57) turns to the following formula

—J2Vyly <card © < ~(y <card V) (59)
what is the same as
—3aVyly <card © & (Card(y) > Card(y))]. (60)

Suppose now inverse that the formula 3zVy[y <cara v < (Card(y) > Card(y))]
is true. Then the propositional form [y <curq < (Card(y) > Card(y))] has
a region the class of all sets since the relation (Card(y) > Card(y)) fulfils for
every set y, in particular, for a supposed set x, and thus, by the substitution
rule, we can substitute x instead of y and obtain a paradoxical formula x <cgrg
T < T >card © What of NBG as above proves that x is not a set but a proper
class. Moreover, in NBG it is a true conclusion since for any set y and the
universal proper class x of all sets, which exists by axioms in NBG, we obtain
a true formula Card(y) < Card(z).

But everything is not so simple in the case when we consider a predicate

>Card, Where y >carqd T el Card(y) > Card(x), and suppose that such x
exists. Then the propositional form [y >card ¢ < (Card(y) < Card(y))] has
a region the class of all sets since the relation (Card(y) < Card(y)) fulfills for
every set y. After this, the similar paradoxical formula  >cerq T < © <card T
implies that in NBG x is not only a set but it is not also a proper class because
for supposed z the true formula is the following: Yy(Card(y) > Card(z)). Thus,
such = does not exist in NBG even for the theory with individuals for which
such notion exists, i.e., an individual Ur(z) = —~Cls(z) is not a class at all.

If we consider E as <cgrg OF >card, then the corresponding propositional
forms [y <cura * < (Card(y) > Card(y))] and [y >carqa * < (Card(y) <
Card(y))] with a variable y and a constant = have empty regions. Thus, in
these cases the substitution rule does not work at all.

All these arguments can be repeated in the cases when £ = (~) or E =
(= ~), in particular E = (=) or E = (#), as well as E = (C) or E = (= C),
E=0D)or E=(=D).

Now we will consider another aspect of the unsatisfactoriness of the formal
method.

Let us consider so-called a relative Russell’s paradox for any fixed set or

class X. Denote Rx = {r € X |z ¢ x} and the following formal theorem
of first-order logic: R, ¢ X, which can be proved by contradiction with a
help of Russell’s paradox. Indeed, suppose that Ry € X. Since z € Ry &
r € X&x ¢ = we substitute Rx instead of z in above formula and obtain
Rx € Rx & Rx ¢ Rx. Contradiction. Thus our assumption is false.

It is easy to see the redundancy of the above formal proof that Rx ¢ X if
we consider a trivial case when X = (). In this case the above theorem is the
following: Ry ¢ 0. Indeed, truth of this theorem is evident by the definition
of the empty set. Nevertheless, following the ideology of formal systems and
formal methods to give one proof for all possible cases in one step, we repeat
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it with a help of Russell’s paradox. Suppose the opposite Ry € (). Then, by
definitions Ry € § < Ry ¢ 0, or more simple, if we suppose that ) € @, then, by
Russell’s paradox, obtain ) € ) < 0 ¢ (). Contradiction. Thus @) ¢ (. Note here
that all proofs with a help of Russell’s paradoz have the same intension, e.g.,
when NBG or ZF include Regular axiom and X is always founded and thus
there is no formulas X € X in NBG or ZF and thus Rx € Rx = Rx ¢ Rx
is a true implication; on the other hand, Rx ¢ Rx = Rx € Rx is always false
because of Regular axiom as well as the nature of reflective sets and at last in
the initial Russell’s paradox because of false premise of an existence of universal
set (class or family).

As we noted above if the Russell class R is understood as x, and the non-
affiliation relation ¢ is understood as E, then the assumption (3RVy[y ¢ R <
(y € y)]) implies formally the same Russell’s paradox R ¢ R < —(R ¢ R)) =
R € R is obtained, although, if we consider NBG or ZF formal theories with
the Regular Axiom, then the propositional form [y ¢ R < (y € y)] with a
variable y has an empty region and thus the formula y € y has no denotate and
there is no possibility to substitute x instead of y in y € y.

However, one can easily pass over Russell’s paradox in the following way
(see also [10] and [11]). Rx ¢ Rx because all elements of Rx are non-reflexive
sets. Thus if Rx € X, then Rx U{Rx} C X and Rx C Rx U{Rx} what
contradicts with maximality of Rx. Thus Rx ¢ X. Notice that {Rx} always
exists either it is a set or a proper class. Only fictitious formal Russell’s paradox
deducts that proper class is not an element. But it is very artificial to identify
“property* with a “proper class“. The model of NBG as the existence of an
inaccessible cardinal number contradicts with it since there is a one-element set
with this inaccessible cardinal number.

Moreover, this circumvention of the Russell’s paradox makes it possible to
prove propositions, which are impossible by formal methods. Indeed, denote by
S = {z]z € z} the collection of all reflexive sets in NBG. Then in NBG the
following Proposition is true: (—-3zVyly € z < (y € y)]) and hence z is not a set
but a proper class. The proof by the above formal method is useless because,
by opposite and subsistence rule, we obtain a tautology z € x < x € x.

But by an assumption that such set S exists we consider a reflexive set S’
such that S’ \ {S'} = 5, ie., ' = SU{S’} (see, e.g., in [10]), and prove that
S’ ¢ S. Really, for each element z € S the set z \ {z} does not have z as its
element. But z is an element of S’. Consequently, S C SU{S'}, i.e.,, Sis a
proper subset of S U {S’} what contradicts with maximality of S. Thus S is a
proper class and there is no a singleton {S}. Note of course that we mentioned
here a theory of reflexive sets (see, e.g., [10]) for which an equality z = S’ of
two reflexive sets z and S’ implies the identity of z\ {z} = 5"\ {S'}. If it is not
so (see, e.g., [1]), then one must give another proof that S is a proper class.

So, choosing the axiom of the existence of a singleton set {X} and getting
the result of the non-existence of a universal class V for sets is preferable from
the point of view of the state of affairs or subsistence than postulating the axiom
VXPr(X)-{X} of denying the existence of a singleton set {X} for one’s own
classes and getting a universal class V with questionable “geography“. Conway
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expressed his attitude to this very problem by the following deep intuition:
“This appendix is in fact a cry for a Mathematicians’ Liberation Movement!
(i) Objects may be created from earlier objects in any reasonably construc-
tive fashion.
(i) Equality among the created objects can be desired equivalence relation®.
(See [4], p. 66.)
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