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Àííîòàöèÿ

Â íàñòîÿùåé ðàáîòå èññëåäóåòñÿ êëàññè÷åñêàÿ äèîôàíòîâà çàäà÷à î ñóùå-
ñòâîâàíèè ïðèìèòèâíûõ êóáîèäîâ Ýéëåðà � ïðÿìîóãîëüíûõ ïàðàëëåëåïèïåäîâ
ñ âçàèìíî ïðîñòûìè öåëî÷èñëåííûìè ð¼áðàìè è öåëî÷èñëåííûìè ëèöåâûìè
äèàãîíàëÿìè. Õîòÿ ñàì ôàêò íåâîçìîæíîñòè ïðèìàðíîãî íå÷¼òíîãî ðåáðà èçâå-
ñòåí èç êëàññè÷åñêèõ ðåçóëüòàòîâ î ìèíèìàëüíûõ ïðîñòûõ äåëèòåëÿõ è êâàä-
ðàòè÷íûõ âû÷åòàõ, â äàííîé ñòàòüå ïðåäëàãàåòñÿ íîâîå, ïîëíîñòüþ ýëåìåíòàð-
íîå è êîíñòðóêòèâíîå äîêàçàòåëüñòâî äëÿ íå÷¼òíîãî ïðèìàðíîãî ðåáðà âèäà pn

(p > 2 � ïðîñòîå ÷èñëî, n ≥ 2), îñíîâàííîå íà åäèíîì àíàëèòè÷åñêîì ìåòî-
äå ïàðàìåòðèçàöèè äåëèòåëåé. Íåïîñðåäñòâåííî èç ñèñòåìû óðàâíåíèé êóáîè-
äà Ýéëåðà âûâåäåíî õàðàêòåðèñòè÷åñêîå óðàâíåíèå, ïîëó÷åíà åãî êàíîíè÷åñêàÿ
ïàðàìåòðèçàöèÿ, ñòðîãî äîêàçàíû ãðàíèöû èçìåíåíèÿ èíäåêñíûõ ïàðàìåòðîâ è
óñòàíîâëåíî îòñóòñòâèå ðåøåíèé â öåëûõ ÷èñëàõ. Â ñîâîêóïíîñòè ñ ðàíåå ïî-
ëó÷åííûì ðåçóëüòàòîì äëÿ n = 1 ýòî ïîëíîñòüþ çàêðûâàåò êëàññ ïðèìàðíûõ
íå÷¼òíûõ ð¼áåð â ðàìêàõ åäèíîãî ìåòîäà.

Êëþ÷åâûå ñëîâà: êóáîèä Ýéëåðà, äèîôàíòîâû óðàâíåíèÿ, ïðèìàðíûå ÷èñëà, ïè-
ôàãîðîâû òðîéêè, ñðàâíåíèÿ ïî ìîäóëþ, îñíîâíàÿ òåîðåìà àðèôìåòèêè.

1 Ââåäåíèå è ñâÿçü ñ ñèñòåìîé óðàâíåíèé êóáîèäà

Ýéëåðà

Îïðåäåëåíèå 1. Êóáîèäîì Ýéëåðà íàçûâàåòñÿ ïðÿìîóãîëüíûé ïàðàëëåëåïèïåä ñ
öåëî÷èñëåííûìè äëèíàìè ð¼áåð a0, b0, c0 ∈ N è öåëî÷èñëåííûìè äëèíàìè âñåõ òð¼õ
ëèöåâûõ äèàãîíàëåé dab, dac, dbc ∈ N, óäîâëåòâîðÿþùèìè ñèñòåìå äèîôàíòîâûõ óðàâ-
íåíèé: 

a20 + b20 = d2ab,

a20 + c20 = d2ac,

b20 + c20 = d2bc.

(1)

Êóáîèä Ýéëåðà íàçûâàåòñÿ ïðèìèòèâíûì, åñëè gcd(a0, b0, c0) = 1.

Çàäà÷à îïèñàíèÿ âñåõ öåëî÷èñëåííûõ êóáîèäîâ Ýéëåðà è òåñíî ñâÿçàííàÿ ñ íåé
ïðîáëåìà ñóùåñòâîâàíèÿ ñîâåðøåííîãî êóáîèäà (îáëàäàþùåãî òàêæå öåëî÷èñëåííîé
ïðîñòðàíñòâåííîé äèàãîíàëüþ) îòíîñÿòñÿ ê ÷èñëó êëàññè÷åñêèõ îòêðûòûõ ïðîáëåì
äèîôàíòîâà àíàëèçà [7, 5, 4, 6]. Êàê ñëåäóåò èç àíàëèçà ñðàâíåíèé ïî ìîäóëþ 4
è ñâîéñòâ ïðèìèòèâíûõ ïèôàãîðîâûõ òðîåê [2, 1], â ëþáîì ïðèìèòèâíîì êóáîèäå
Ýéëåðà ðîâíî îäíî ðåáðî íå÷¼òíî, à äâà äðóãèõ � ÷¼òíû. Â êëàññè÷åñêîé òåîðèè
êóáîèäîâ Ýéëåðà (ñì., íàïðèìåð, [7, 5, 4]) èçâåñòíî, ÷òî íå÷¼òíîå ðåáðî ïðèìèòèâ-
íîãî êóáîèäà íå ìîæåò ÿâëÿòüñÿ ñòåïåíüþ ïðîñòîãî ÷èñëà, ïîñêîëüêó îíî äîëæíî
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ñîäåðæàòü êàê ìèíèìóì äâà ðàçëè÷íûõ ïðîñòûõ äåëèòåëÿ, óäîâëåòâîðÿþùèõ îïðå-
äåë¼ííûì óñëîâèÿì êâàäðàòè÷íûõ âû÷åòîâ.

Íàó÷íàÿ íîâèçíà íàñòîÿùåé ðàáîòû çàêëþ÷àåòñÿ â ïîñòðîåíèè íîâîãî, ïîëíî-
ñòüþ ýëåìåíòàðíîãî è êîíñòðóêòèâíîãî äîêàçàòåëüñòâà ýòîãî ôàêòà â ðàìêàõ åäèíî-
ãî àíàëèòè÷åñêîãî ìåòîäà ïàðàìåòðèçàöèè äåëèòåëåé, ðàçâèòîãî àâòîðîì ðàíåå â [3].
Â ðàáîòå [3] óêàçàííûì ìåòîäîì áûëî äîêàçàíî îòñóòñòâèå ðåøåíèé ïðè ïðîñòîì
íå÷¼òíîì ðåáðå a0 = p (n = 1) è ïîëó÷åíà ïîëíàÿ êëàññèôèêàöèÿ íå÷¼òíûõ ïîëó-
ïðîñòûõ ð¼áåð a0 = p1p2. Íèæå äàííûé ìåòîä ðàñïðîñòðàíÿåòñÿ íà ïðîèçâîëüíûå
âûñøèå ñòåïåíè íå÷¼òíîãî ïðîñòîãî ÷èñëà a0 = pn (n ≥ 2).

Ïóñòü íå÷¼òíîå ðåáðî ïðèìèòèâíîãî êóáîèäà Ýéëåðà ðàâíî a0 = pn, ãäå p > 2
� ïðîñòîå ÷èñëî è n ∈ Z (n ≥ 2), à ÷¼òíûå ð¼áðà ðàâíû b0 è c0. Èç ïåðâûõ äâóõ
óðàâíåíèé ñèñòåìû (1) èìååì:

p2n = (dab − b0)(dab + b0), p2n = (dac − c0)(dac + c0).

Ïîñêîëüêó a0 = pn íå÷¼òíî, à b0, c0 ÷¼òíû, ÷èñëà dab è dac íå÷¼òíû, îòêóäà gcd(dab −
b0, dab + b0) = 1 è gcd(dac − c0, dac + c0) = 1. Â ñèëó îñíîâíîé òåîðåìû àðèôìåòèêè [1]
åäèíñòâåííûì ðàçëîæåíèåì ñòåïåíè ïðîñòîãî ÷èñëà p2n íà äâà âçàèìíî ïðîñòûõ íà-
òóðàëüíûõ ìíîæèòåëÿ, ìåíüøèé èç êîòîðûõ ñòðîãî ìåíüøå

√
p2n = pn, ÿâëÿåòñÿ

ðàçëîæåíèå fi · p2n

fi
, ãäå fi ∈ A = {1, p, p2, . . . , pn−1} (i = 1, 2). Ñëåäîâàòåëüíî,

b0 =
1

2

(
p2n

f1
− f1

)
, c0 =

1

2

(
p2n

f2
− f2

)
.

Êðîìå òîãî, åñëè f1 = f2, òî b0 = c0, ÷òî ïðîòèâîðå÷èò òðåòüåìó óðàâíåíèþ ñèñòå-
ìû (1) (2b20 = d2bc íå èìååò ðåøåíèé â íàòóðàëüíûõ ÷èñëàõ). Ïîäñòàâëÿÿ íàéäåííûå
âûðàæåíèÿ äëÿ b0 è c0 â óðàâíåíèå b20 + c20 = d2bc è óìíîæàÿ íà 4, ïîëó÷àåì õàðàêòå-
ðèñòè÷åñêîå äèîôàíòîâî óðàâíåíèå êóáîèäà Ýéëåðà ñ ïðèìàðíûì íå÷¼òíûì ðåáðîì
pn: (

p2n

f1
− f1

)2

+

(
p2n

f2
− f2

)2

= M2, (2)

ãäå M = 2dbc ∈ N, à f1, f2 ∈ A = {1, p, p2, . . . , pn−1} è f1 ̸= f2.

2 Îñíîâíàÿ òåîðåìà è ïàðàìåòðèçàöèÿ

Òåîðåìà 1. Ïðèìèòèâíîãî êóáîèäà Ýéëåðà, íå÷¼òíîå ðåáðî êîòîðîãî èìååò âèä
ñòåïåíè íå÷¼òíîãî ïðîñòîãî ÷èñëà pn, ãäå p > 2 � ïðîñòîå ÷èñëî è n ∈ Z (n ≥
2), íå ñóùåñòâóåò. Èíûìè ñëîâàìè, äëÿ ëþáûõ ïðîñòîãî p ≥ 3 è öåëîãî n ≥
2 óðàâíåíèå (2) íå èìååò ðåøåíèé â öåëûõ ÷èñëàõ M ∈ Z ïðè ëþáûõ f1, f2 ∈
{1, p, p2, . . . , pn−1}, óäîâëåòâîðÿþùèõ óñëîâèþ f1 ̸= f2.

Ñëåäñòâèå 1. Îáúåäèíÿÿ Òåîðåìó 1 (ñëó÷àé n ≥ 2) ñ ðåçóëüòàòîì ðàáîòû [3] (ñëó-
÷àé n = 1), çàêëþ÷àåì, ÷òî íè ïðè êàêîì n ∈ N (n ≥ 1) è íè ïðè êàêîì íå÷¼òíîì
ïðîñòîì p > 2 ÷èñëî pn íå ìîæåò ÿâëÿòüñÿ íå÷¼òíûì ðåáðîì ïðèìèòèâíîãî êó-
áîèäà Ýéëåðà.

2



2.1 Êàíîíè÷åñêàÿ ïàðàìåòðèçàöèÿ è îáëàñòü èíäåêñîâ

Ëåììà 1 (Êàíîíè÷åñêàÿ ïàðàìåòðèçàöèÿ). Ïðåäñòàâèì ýëåìåíòû f1, f2 ∈ A =
{1, p, p2, . . . , pn−1} â âèäå ñòåïåíåé ïðîñòîãî ÷èñëà p: f1 = pa è f2 = pb, ãäå a, b ∈
{0, 1, . . . , n− 1}. Òîãäà ëåâàÿ ÷àñòü óðàâíåíèÿ (2) òîæäåñòâåííî ðàâíà

S(n, a, b) = p2a
(
p2(n−a) − 1

)2
+ p2b

(
p2(n−b) − 1

)2
. (3)

Äîêàçàòåëüñòâî. Âûïîëíèì òîæäåñòâåííûå àëãåáðàè÷åñêèå ïðåîáðàçîâàíèÿ äëÿ êàæ-
äîãî ñëàãàåìîãî â ëåâîé ÷àñòè (2) íåçàâèñèìî:

1. Ïðåîáðàçîâàíèå ïåðâîãî ñëàãàåìîãî: Ïîäñòàâëÿÿ f1 = pa, èìååì:

p2n

f1
− f1 =

p2n

pa
− pa = p2n−a − pa.

Ïîñêîëüêó a ≤ n − 1, âûïîëíÿåòñÿ 2n − 2a = 2(n − a) ≥ 2 > 0. Âûíîñÿ îáùèé
ìíîæèòåëü pa çà ñêîáêè, ïîëó÷àåì:

p2n−a − pa = pa
(
p2n−2a − 1

)
= pa

(
p2(n−a) − 1

)
.

Âîçâîäÿ îáå ÷àñòè ïîëó÷åííîãî ðàâåíñòâà â êâàäðàò, íàõîäèì:(
p2n

f1
− f1

)2

=
[
pa

(
p2(n−a) − 1

)]2
= p2a

(
p2(n−a) − 1

)2
.

2. Ïðåîáðàçîâàíèå âòîðîãî ñëàãàåìîãî: Ââèäó ñèììåòðèè ñòðóêòóðû îòíîñè-
òåëüíî çàìåíû f1 → f2 (÷òî ýêâèâàëåíòíî çàìåíå ïîêàçàòåëÿ a → b), âòîðîå
ñëàãàåìîå ïðåîáðàçóåòñÿ àíàëîãè÷íî:(

p2n

f2
− f2

)2

= p2b
(
p2(n−b) − 1

)2
.

Ñóììèðóÿ îáà âûðàæåíèÿ, ïîëó÷àåì ôîðìóëó (3).

Ëåììà 2 (Îáëàñòü èçìåíåíèÿ èíäåêñíûõ ïàðàìåòðîâ). Äëÿ ïîëíîãî è áåçûçáûòî÷-
íîãî ïåðåáîðà âñåõ íåóïîðÿäî÷åííûõ ïàð ðàçëè÷íûõ ýëåìåíòîâ {f1, f2} ⊂ A ïîêàçà-
òåëè a è b áåç îãðàíè÷åíèÿ îáùíîñòè óäîâëåòâîðÿþò ñèñòåìå óñëîâèé:

a, b ∈ Z, 0 ≤ a < b ≤ n− 1, (4)

÷òî ýêâèâàëåíòíî çàïèñè a ∈ {0, 1, . . . , n− 2} è b ∈ {a+ 1, a+ 2, . . . , n− 1}.

Äîêàçàòåëüñòâî.

1. Èñêëþ÷åíèå ñîâïàäåíèÿ ýëåìåíòîâ (a ̸= b): Ïî óñëîâèþ Òåîðåìû 1 âû-
ïîëíÿåòñÿ f1 ̸= f2, òî åñòü pa ̸= pb. Ïîñêîëüêó p > 2, îòîáðàæåíèå k 7→ pk

èíúåêòèâíî íà Z, îòêóäà a ̸= b.

2. Èñêëþ÷åíèå äóáëèðîâàíèÿ ñèììåòðè÷íûõ ïàð (a < b):Ôóíêöèÿ S(n, a, b)
ñèììåòðè÷íà îòíîñèòåëüíî ïåðåñòàíîâêè àðãóìåíòîâ: S(n, a, b) = S(n, b, a). ×òî-
áû ó÷åñòü êàæäóþ íåóïîðÿäî÷åííóþ ïàðó {f1, f2} ðîâíî îäèí ðàç, ââåä¼ì ñòðî-
ãîå ëèíåéíîå óïîðÿäî÷èâàíèå a < b. Äëÿ öåëûõ ÷èñåë íåðàâåíñòâî a < b ðàâíî-
ñèëüíî óñëîâèþ b ≥ a+ 1.
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3. Îïðåäåëåíèå ãðàíè÷íûõ çíà÷åíèé: Òàê êàê f1, f2 ∈ A = {1, p, . . . , pn−1},
îáà ïîêàçàòåëÿ ïðèíàäëåæàò îòðåçêó [0, n − 1] ∩ Z. Îáúåäèíÿÿ ýòî ñ óñëîâèåì
a < b, ïîëó÷àåì 0 ≤ a < b ≤ n − 1. Èç a + 1 ≤ b ≤ n − 1 íåïîñðåäñòâåííî
âûòåêàåò a ≤ n − 2. Ïðè n ≥ 2 ìíîæåñòâî {0, 1, . . . , n − 2} íåïóñòî, à äëÿ
êàæäîãî äîïóñòèìîãî a ìíîæåñòâî {a+ 1, . . . , n− 1} òàêæå íåïóñòî.

Òàêèì îáðàçîì, óñëîâèÿ (4) ïîëíîñòüþ îáîñíîâàíû.

3 Äîêàçàòåëüñòâî íåðàçðåøèìîñòè ðåäóöèðîâàííî-

ãî óðàâíåíèÿ

Ëåììà 3 (Ðåäóêöèÿ ñòåïåíåé ïðîñòîãî ÷èñëà). Óðàâíåíèå S(n, a, b) = M2 ðàçðåøèìî
â öåëûõ ÷èñëàõ M ∈ Z ïðè óñëîâèÿõ (4) òîãäà è òîëüêî òîãäà, êîãäà ñóùåñòâóþò
íàòóðàëüíûå ÷èñëà x, d,K ∈ N (x ≥ 1, d ≥ 1) òàêèå, ÷òî äëÿ u = px è v = pd

âûïîëíÿåòñÿ óðàâíåíèå

K2 =
(
u2v2 − 1

)2
+ v2

(
u2 − 1

)2
= u4v4 + u4v2 − 4u2v2 + v2 + 1, (5)

ãäå u, v ≥ 3 � íå÷¼òíûå ñòåïåíè ïðîñòîãî ÷èñëà p.

Äîêàçàòåëüñòâî. Ïðåäïîëîæèì, ÷òî S(n, a, b) = M2 äëÿ íåêîòîðîãî M ∈ Z. Èç (4)
ñëåäóåò n − a > n − b ≥ 1, ïîýòîìó îáà ñëàãàåìûõ â (3) ñòðîãî ïîëîæèòåëüíû.
Ñëåäîâàòåëüíî, S(n, a, b) > 0 è M ̸= 0. Ïîñêîëüêó M âõîäèò â óðàâíåíèå òîëüêî
âî âòîðîé ñòåïåíè, áåç îãðàíè÷åíèÿ îáùíîñòè ïîëàãàåì M ∈ N. Òàê êàê b − a ≥ 1,
âûíåñåì p2a çà ñêîáêè â ëåâîé ÷àñòè ðàâåíñòâà S(n, a, b) = M2:

p2a
[(
p2(n−a) − 1

)2
+ p2(b−a)

(
p2(n−b) − 1

)2]
= M2.

Âûðàæåíèå â êâàäðàòíûõ ñêîáêàõ ÿâëÿåòñÿ íàòóðàëüíûì ÷èñëîì, çíà÷èò M2 äå-
ëèòñÿ íà p2a. Â ñèëó îñíîâíîé òåîðåìû àðèôìåòèêè (òàê êàê p � ïðîñòîå ÷èñëî)
p-àäè÷åñêîå íîðìèðîâàíèå óäîâëåòâîðÿåò ñîîòíîøåíèþ νp(M

2) = 2νp(M) ≥ 2a, îò-
êóäà νp(M) ≥ a, òî åñòü M äåëèòñÿ íà pa. Ïîëàãàÿ M = paK (K ∈ N) è ñîêðàùàÿ

îáå ÷àñòè íà p2a ̸= 0, ïîëó÷àåì:
(
p2(n−a) − 1

)2
+ p2(b−a)

(
p2(n−b) − 1

)2
= K2. Ââåä¼ì

íàòóðàëüíûå ïîêàçàòåëè x = n− b ≥ 1 è d = b−a ≥ 1, òîãäà n−a = x+d. Îáîçíà÷àÿ
u = px è v = pd, èìååì p2x = u2, p2d = v2 è p2(n−a) = u2v2. Òàê êàê p ≥ 3 íå÷¼òíî è
x, d ≥ 1, ÷èñëà u è v íå÷¼òíû è u, v ≥ 3. Ðàñêðûâàÿ ñêîáêè, íàõîäèì:

K2 =
(
u4v4 − 2u2v2 + 1

)
+ v2

(
u4 − 2u2 + 1

)
= u4v4 + u4v2 − 4u2v2 + v2 + 1,

÷òî äîêàçûâàåò (5).

Ëåììà 4 (Íåðàçðåøèìîñòü ïðè d ≥ x). Ïðè d ≥ x ≥ 1 óðàâíåíèå (5) íå èìååò
ðåøåíèé â íàòóðàëüíûõ ÷èñëàõ K ∈ N.

Äîêàçàòåëüñòâî. Ïðè d ≥ x ≥ 1 âûïîëíÿåòñÿ v = pd ≥ px = u ≥ 3. Òàê êàê u
íå÷¼òíî, u2 − 3 äåëèòñÿ íà 2, è ÷èñëî

L = u2v2 +
u2 − 3

2

ÿâëÿåòñÿ öåëûì. Áîëåå òîãî, ïðè u ≥ 3 èìååì u2−3
2

≥ 3 > 0, îòêóäà L ∈ N è L−1 ∈ N.
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Ïîêàæåì, ÷òî K2 ñòðîãî çàêëþ÷åíî ìåæäó êâàäðàòàìè ïîñëåäîâàòåëüíûõ íàòó-
ðàëüíûõ ÷èñåë L− 1 è L. Âû÷èñëèì L2 è (L− 1)2:

L2 =

(
u2v2 +

u2 − 3

2

)2

= u4v4 + u4v2 − 3u2v2 +
u4 − 6u2 + 9

4
,

(L− 1)2 =

(
u2v2 +

u2 − 5

2

)2

= u4v4 + u4v2 − 5u2v2 +
u4 − 10u2 + 25

4
.

1. Âû÷èòàÿ (5) èç L2 è èñïîëüçóÿ u ≥ 3, v ≥ 3, ïîëó÷àåì:

L2 −K2 = u2v2 − v2 − 1 +
(u2 − 3)2

4

= v2(u2 − 1)− 1 +
(u2 − 3)2

4
≥ 9 · 8− 1 + 9 = 80 > 0,

çíà÷èò, K2 < L2.
2. Âû÷èòàÿ (L− 1)2 èç (5) è ó÷èòûâàÿ v ≥ u ≥ 3 (îòêóäà u2v2 ≥ u4), íàõîäèì:

K2 − (L− 1)2 = u2v2 + v2 + 1− u4 − 10u2 + 25

4

=

(
u2v2 − u4

4

)
+ v2 +

10u2 − 21

4

≥ 3u4

4
+ 9 +

69

4
> 0,

çíà÷èò, (L− 1)2 < K2.
Èç (L − 1)2 < K2 < L2 äëÿ íàòóðàëüíûõ ÷èñåë ñëåäóåò L − 1 < K < L, ÷òî

íåâîçìîæíî äëÿ öåëîãî ÷èñëà K.

Ëåììà 5 (Íåðàçðåøèìîñòü ïðè d < x). Ïðè 1 ≤ d < x óðàâíåíèå (5) íå èìååò
ðåøåíèé â íàòóðàëüíûõ ÷èñëàõ K ∈ N.

Äîêàçàòåëüñòâî. Ïðåäïîëîæèì ïðîòèâíîå, ÷òî ðåøåíèå K ∈ N ñóùåñòâóåò ïðè 1 ≤
d < x. Ïîëîæèì q = u

v
= px−d. Òàê êàê x− d ≥ 1 è p ≥ 3, ñïðàâåäëèâû íåðàâåíñòâà:

v = pd ≥ 3, q = px−d ≥ 3, u = qv ≥ 3v ≥ 9,

ïðè÷¼ì u2 = q2v2 äåëèòñÿ íàöåëî íà v2.

Ýòàï 1. Ââåäåíèå ïàðàìåòðà r è åãî âåðõíÿÿ îöåíêà.
Óìíîæèì (5) íà 4 è ðàññìîòðèì íàòóðàëüíîå ÷èñëî W = 2u2v2 + u2 − 4 (òàê êàê
u ≥ 9, òî u2 − 4 ≥ 77 > 0):

4K2 = 4u4v4 + 4u4v2 − 16u2v2 + 4v2 + 4,

W 2 = 4u4v4 + 4u4v2 − 16u2v2 + (u2 − 4)2.
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Âû÷èòàÿ ïåðâîå ðàâåíñòâî èç âòîðîãî, ïîëó÷àåì:

W 2 − 4K2 = (u2 − 4)2 − 4v2 − 4. (6)

Ïîñêîëüêó u ≥ 3v ≥ 9, èìååì u2 − 4 ≥ 9v2 − 4 > 2v + 2 > 0, îòêóäà (u2 − 4)2 >
(2v + 2)2 > 4v2 + 4. Ñëåäîâàòåëüíî, W 2 > (2K)2, òî åñòü W > 2K > 0.

Ââåä¼ì íàòóðàëüíîå ÷èñëî r = W − 2K ∈ N (r ≥ 1). Ïîäñòàâëÿÿ 2K = W − r
â (6), íàõîäèì:

2Wr − r2 = (u2 − 4)2 − 4v2 − 4.

ÇàìåíÿÿW = 2u2v2+u2−4 è âûäåëÿÿ r2+8r+12 = (r+2)(r+6), ïîëó÷àåì òîæäåñòâî:

(r + 2)(r + 6) = u2
(
u2 − 8− 4rv2 − 2r

)
+ 4v2. (7)

Ïîêàæåì, ÷òî ìíîæèòåëü C = u2 − 8− 4rv2 − 2r ñòðîãî ïîëîæèòåëåí (C ≥ 1):

� Åñëè C ≤ −1, òî ïðàâàÿ ÷àñòü (7) íå ïðåâîñõîäèò −u2 + 4v2 ≤ −9v2 + 4v2 =
−5v2 < 0, òîãäà êàê ëåâàÿ ÷àñòü (r + 2)(r + 6) ≥ 21 > 0 � ïðîòèâîðå÷èå.

� Åñëè C = 0, òî u2 − 8 = 2r(2v2 + 1), ÷òî íåâîçìîæíî, òàê êàê u2 = p2x äåëèòñÿ
íà íå÷¼òíîå ïðîñòîå p ≥ 3, à 8 íà p íå äåëèòñÿ.

Ñëåäîâàòåëüíî, C ≥ 1, îòêóäà:

4rv2 + 2r ≤ u2 − 9 < u2 =⇒ r <
u2

4v2
=

q2

4
. (8)

Ýòàï 2. Ñðàâíåíèÿ ïî ìîäóëÿì v2 è u2.
Â ïðàâîé ÷àñòè (7) îáà ñëàãàåìûõ êðàòíû v2, à ëåâàÿ ÷àñòü ïîëîæèòåëüíà, ïîýòîìó
ñóùåñòâóåò k ∈ N (k ≥ 1) òàêîå, ÷òî:

(r + 2)(r + 6) = k · v2. (9)

Ïîäñòàâëÿÿ (9) â (7), ïåðåíîñÿ 4v2 âëåâî è äåëÿ íà v2 ̸= 0, ïîëó÷àåì:

(k − 4)v2 = u2
(
u2 − 8− 4rv2 − 2r

)
=⇒ k − 4 = q2

(
u2 − 8− 4rv2 − 2r

)
,

îòêóäà ñëåäóåò ñðàâíåíèå:
k ≡ 4 (mod q2). (10)

Òàê êàê k ≥ 1 è q2 ≥ 9 > 4, èç (10) âûòåêàåò, ÷òî ëèáî k = 4, ëèáî k ≥ q2 + 4.

Ýòàï 3. Íåâîçìîæíîñòü ñëó÷àÿ k = 4.
Ïðè k = 4 ðàâåíñòâî (9) ïðåîáðàçóåòñÿ ñëåäóþùèì îáðàçîì:

(r + 2)(r + 6) = 4v2 ⇐⇒ (r + 4)2 − (2v)2 = 4

⇐⇒ (r + 4− 2v)(r + 4 + 2v) = 4.

Ðàçíîñòü öåëûõ ñîìíîæèòåëåé (r + 4 + 2v) − (r + 4 − 2v) = 4v ≥ 12, òîãäà êàê
íàèáîëüøàÿ ðàçíîñòü ìåæäó ïàðíûìè äåëèòåëÿìè ÷èñëà 4 ðàâíà 4 − 1 = 3 < 12.
Ïðîòèâîðå÷èå.

Ýòàï 4. Íåâîçìîæíîñòü ñëó÷àÿ k ≥ q2 + 4.
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� Ïðè q = 3 èç (8) ñëåäóåò r < 9
4

=⇒ r ≤ 2, îòêóäà (r + 2)(r + 6) ≤ 4 · 8 = 32. Íî
k · v2 ≥ (9 + 4) · 9 = 117 > 32, ÷òî ïðîòèâîðå÷èò (9).

� Ïðè q ≥ 5 ðàçíîñòü (r + 6) − (r + 2) = 4 âçàèìíî ïðîñòà ñ íå÷¼òíûì ÷èñëîì
v = pd, ïîýòîìó v2 = p2d öåëèêîì äåëèò îäèí èç ñîìíîæèòåëåé r+ c (c ∈ {2, 6}).
Ïîëàãàÿ r + c = sv2 (s ∈ N), ïîëó÷àåì âòîðîé ñîìíîòåëü sv2 ± 4 è ðàâåíñòâî
k = s(sv2 ± 4) = s2v2 ± 4s.

Äëÿ Y = sv2 = r + c ïðè q ≥ 5 èç (8) èìååì:

Y = r + c <
q2

4
+ 6 <

q2

2
. (11)

Òîãäà s = Y
v2

< q2

2v2
, è âåëè÷èíà k îöåíèâàåòñÿ ñâåðõó òàê:

k ≤ s(sv2 + 4) <
q2

2v2

(
q2

2
+ 4

)
=

q4 + 8q2

4v2
.

Åñëè q ≤ v, òî k < q2

4
+ 2q2

v2
≤ q2

4
+ 2 < q2 + 4, ÷òî ïðîòèâîðå÷èò k ≥ q2 + 4.

Åñëè æå q > v, óìíîæèì ñðàâíåíèå s2v2 ± 4s ≡ 4 (mod q2) íà v2:

Y 2 ± 4Y ≡ 4v2 (mod q2v2)

⇐⇒ (Y ± 2)2 ≡ 4(v2 + 1) (mod q2v2).
(12)

Äîêàæåì ïî èíäóêöèè, ÷òî q > vm äëÿ ëþáîãî m ∈ N:

1. Áàçà (m = 1): q > v1 âûïîëíåíî ïî ïðåäïîëîæåíèþ.

2. Øàã èíäóêöèè: ïóñòü q > vm (m ≥ 1). Òîãäà q = px−d äåëèòñÿ íà vm = pmd,
à q2v2 äåëèòñÿ íà v2m+2. Èç (12) ïî ìîäóëþ v2m+2 ïîñëå äåëåíèÿ íà v2

èìååì k = s(sv2 ± 4) ≡ 4 (mod v2m). Ïðè ýòîì k ̸= 4 (òàê êàê s ≥ 1, v ≥ 3,
è åäèíñòâåííîå çíà÷åíèå s = 1 ñî çíàêîì ¾+¿ äà¼ò k = v2+4 < q2+4, à ñî
çíàêîì ¾−¿ äà¼ò k = v2 − 4 ̸≡ 4 (mod v2)), à òàêæå k > 0. Ñëåäîâàòåëüíî,

k ≥ v2m + 4, îòêóäà Y (Y ± 4) = kv2 ≥ v2m+2 + 4v2.

Ïîêàæåì, ÷òî îòñþäà â îáîèõ ñëó÷àÿõ çíàêà ñëåäóåò Y > vm+1:

� Ñëó÷àé çíàêà ¾−¿: òàê êàê Y > 0, èìååì Y 2 > Y (Y −4) ≥ v2m+2+4v2 >
v2m+2, îòêóäà Y > vm+1.

� Ñëó÷àé çíàêà ¾+¿ ïðè m = 1: íåðàâåíñòâî Y 2 + 4Y ≥ v4 + 4v2 ýêâè-
âàëåíòíî (Y + 2)2 ≥ v4 + 4v2 + 4 = (v2 + 2)2, îòêóäà Y ≥ v2. Ðàâåíñòâî
Y = v2 íåâîçìîæíî, òàê êàê òîãäà s = 1 è k = v2+4 < q2+4 (ïîñêîëüêó
q > v). Ñëåäîâàòåëüíî, Y > v2 = v1+1.

� Ñëó÷àé çíàêà ¾+¿ ïðè m ≥ 2: ïðåäïîëîæèì îò ïðîòèâíîãî, ÷òî Y ≤
vm+1. Ïîñêîëüêó Y = sv2 è vm+1 = vm−1 · v2 (ïðè m ≥ 2) îáà äåëÿòñÿ
íà v2, âîçìîæíû òîëüêî äâà ïîäñëó÷àÿ:

(a) Åñëè Y = vm+1, òî k = vm+1(vm+1+4)
v2

= v2m + 4vm−1. Òàê êàê m ≥ 2
è v ≥ 3, âûïîëíÿþòñÿ íåðàâåíñòâà 4 < 4vm−1 < v2 · vm−1 = vm+1 <
v2m, îòêóäà 0 < 4vm−1 − 4 < v2m. Çíà÷èò, k− 4 = v2m + (4vm−1 − 4)
íå äåëèòñÿ íà v2m, ÷òî ïðîòèâîðå÷èò k ≡ 4 (mod v2m).
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(b) Åñëè Y ≤ vm+1 − v2, òî èç v ≥ 3 ñëåäóåò v2 − 4 > 0, îòêóäà Y +4 ≤
vm+1 − (v2 − 4) < vm+1. Òîãäà

k =
Y (Y + 4)

v2
<

(vm+1 − v2)vm+1

v2
= v2m − vm+1 < v2m,

÷òî ïðîòèâîðå÷èò k ≥ v2m + 4.

Òàêèì îáðàçîì, íåðàâåíñòâî Y > vm+1 âûïîëíÿåòñÿ âî âñåõ ñëó÷àÿõ.

Ïîäñòàâëÿÿ Y > vm+1 â (11), íàõîäèì q2 > 2Y > 2vm+1 > vm+1. Ïðèìåíÿÿ
ýòîò ïåðåõîä ïîâòîðíî (ê èíäåêñó m+ 1), ïîëó÷àåì q2 > vm+2, è ïðè m =
2j − 1 èìååì q2 > v2j =⇒ q > vj äëÿ ëþáîãî j ∈ N.

Íåðàâåíñòâî q > vj, òî åñòü x−d > j ·d ïðè âñåõ j ∈ N, ïðîòèâîðå÷èò êîíå÷íîñòè
íàòóðàëüíûõ ÷èñåë x è d.

Ïðîòèâîðå÷èå âî âñåõ ïîäñëó÷àÿõ çàâåðøàåò äîêàçàòåëüñòâî Ëåììû 5.

3.1 Çàâåðøåíèå äîêàçàòåëüñòâà Òåîðåìû 1

Äîêàçàòåëüñòâî Òåîðåìû 1. Ïðåäïîëîæèì îò ïðîòèâíîãî, ÷òî ñóùåñòâóåò ïðèìè-
òèâíûé êóáîèä Ýéëåðà ñ íå÷¼òíûì ðåáðîì pn (p ≥ 3, n ≥ 2). Êàê ïîêàçàíî â Ðàçäå-
ëå 1, ýòî ðàâíîñèëüíî ñóùåñòâîâàíèþ ðàçëè÷íûõ äåëèòåëåé f1, f2 ∈ {1, p, . . . , pn−1} è
öåëîãî ÷èñëà M ∈ Z, óäîâëåòâîðÿþùèõ óðàâíåíèþ (2).

Ïî Ëåììàì 1, 2 è 3 ñóùåñòâîâàíèå òàêîãî ðåøåíèÿ ýêâèâàëåíòíî ñóùåñòâîâàíèþ
íàòóðàëüíûõ ÷èñåë x, d,K ∈ N (x ≥ 1, d ≥ 1), óäîâëåòâîðÿþùèõ äèîôàíòîâó óðàâíå-
íèþ (5). Îäíàêî äëÿ ëþáûõ x, d ∈ N èìååò ìåñòî ëèáî d ≥ x, ëèáî d < x. Ñîãëàñíî
Ëåììå 4 ðåøåíèé íå ñóùåñòâóåò ïðè d ≥ x, à ñîãëàñíî Ëåììå 5 ðåøåíèé íå ñóùåñòâó-
åò ïðè d < x. Ïîëó÷åííîå ïðîòèâîðå÷èå äîêàçûâàåò, ÷òî óðàâíåíèå (2) íåðàçðåøèìî
â öåëûõ ÷èñëàõ íè ïðè êàêèõ äîïóñòèìûõ ïàðàìåòðàõ. Ñëåäîâàòåëüíî, ïðèìèòèâíîãî
êóáîèäà Ýéëåðà ñ íå÷¼òíûì ðåáðîì âèäà pn (p > 2, n ≥ 2) íå ñóùåñòâóåò. Òåîðåìà 1
ïîëíîñòüþ äîêàçàíà.
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Absence of Primary Odd Edges in Primitive Euler Bricks
V. G. Solovyev (Moscow)

Abstract. This paper investigates the classical Diophantine problem of the existence
of primitive Euler bricks � rectangular parallelepipeds with coprime integer edges
and integer face diagonals. While the impossibility of a primary odd edge is known
from classical results on minimal prime divisors and quadratic residues, this study
provides a new, completely elementary and constructive proof for an odd primary
edge of the form pn (p > 2 is prime, n ≥ 2), based on a uni�ed analytical method
of divisor parameterization. Directly from the system of Euler brick equations, a
characteristic Diophantine equation is derived, its canonical parameterization is
obtained, the index bounds for unique pairs of divisors are rigorously established, and
the absence of integer solutions is proven. Combined with the earlier result for n = 1,
this completely rules out the class of primary odd edges within a uni�ed framework.
Keywords: Euler brick, Diophantine equations, primary numbers, Pythagorean

triples, modular arithmetic, fundamental theorem of arithmetic. References
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